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Preface

The current trend in the petrological community to estimate P — T' condi-
tions for the formation and evolution of rocks is based on phase equilibria
modeling. At the time of writing this book, there are approximately five
modeling programs, each following a set of strategies that users often do
not fully understand. Most users have some knowledge of the laws of ther-
modynamics but lack a deep understanding of how to apply this knowledge
to phase equilibria modeling. This book attempts to cover some of the al-
gorithms used in the geological phase equilibria modeling programs and
provides insights into the inner workings of these programs, aiming to fa-
cilitate the process of interpretation with scientific rigor.

The text was originally intended to aid in understanding thermodynamic
modeling as applied to metamorphic petrology, particularly estimating equi-
librium conditions for rocks in the lithosphere. However, many topics are
equally applicable to phase equilibria in igneous petrology. I have not at-
tempted to cover the entire theoretical framework or delve deeply into the
subjects addressed in this book. Instead, the book intents to show some
practical aspects of phase equilibria modeling as used in current modeling
programs available to the petrological community. This book serves as a
companion to traditional thermodynamic and phase equilibria texts.

Each chapter has a set of worked examples, some of which are challeng-
ing due to their use of complex algorithms. I have tried, wherever possible,
to follow the easiest route to get to the solution; however, I may have missed
a simpler solution than the one developed in the exercise. Most worked ex-
amples include complete code listings, some build on results from previous
exercises, and a few have indicated steps rather than detailed lines of code
to reach the final solution. I have tried to reproduce the exercises several
times to ensure any reader has all the necessary information to arrive at the
correct solutions.
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Modeling

As this book focuses primarily on thermodynamic modeling, a discussion
about models in general—and geological models in particular—is appro-
priate. Models are explicitly or implicitly used in geological sciences, as
recognized by many geologists. For example, Krumbein (1962) stated:

A third problem raised by quantification relates to the selection
or design of models appropriate to specific geological problems.
Models—in the sense of devices for organizing data—have long
been used in geology, and their use is implied in Chamberlain’s
principle of multiple working hypothesis. (p. 1088)

In a general way, we can think of models as representations that help
us understand problem structures and guide further studies; however, they
are not susceptible to definitive proof. Models are useful in searching for
evidence to corroborate hypothesis, to elucidate discrepancies, and to elab-
orate sensitivity analysis (Oreskes et al., 1994). Modeling is the simulation
of systems or phenomena within systems, which are generally visualized
in a simplified way. In one type of modeling, the final state of a system is
known, and previous states are investigated by simulation; this methodol-
ogy is commonly referred to as backward modeling. Backward modeling
involves solving inverse problems, which entails determining the structure
of systems from samples of their response to stimuli. In other words, it
requires measuring the distribution of the dependent variables in the sys-
tem and from them estimating the nature of the independent variables. A
second type of modeling assumes initial system conditions, and simulation
reproduces one or more successive states leading to more evolved condi-
tions. This type of modeling is commonly known as forward modeling.
This book utilizes various applications of both modeling types: pseudo-
section construction (forward modeling) and thermobarometry (backward
modeling).

Errors and Model Evaluation

Carter (2004) identified two sources of errors: measurement errors and
modeling errors. Modeling inherently involves working with data contain-
ing uncertainties from measurement errors. Simplifying assumptions and
numerical schemes used to solve equations in a model produce modeling
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errors. Uncertainties originating from the adopted models can limit the in-
terpretations of modeling results and impact the predictive reliability of the
model.

Flawed models with a quantified uncertainty may appear reliable and
credible, potentially leading to incorrect conclusions. Two examples can il-
lustrate this issue. 1) Consider an isotopic age in a composite mineral grain
with multiple origins (e.g., multiple inheritance in zircon), the resulting age
reported with its uncertainty can give the impression of a precise age. How-
ever, the multiple origins render the reported age meaningless. 2) In ther-
mobarometry, the first requirement for pressure and temperature determi-
nations using several mineral phases in a rock is that the phases must be in
equilibrium. A report presenting thermobarometric results and their un-
certainties from mineral phases not in equilibrium gives the impression of
reliability, but the results are, again, meaningless. Ultimately, measurement
and modeling errors will correlate to how well the predictions compare to
the real system and then with the uncertainty associated with the prediction.

Oreskes (1998) categorized model uncertainties (e.g., for environmen-
tal lead) as theoretical, empirical, parametrical, and temporal. Aspects of
systems that are not fully understood are categorized as theoretical un-
certainties. Examples of these in thermodynamic systems are distribution
coeflicients and molecular interactions. Aspects of systems that are dif-
ficult—or sometimes impossible—to measure are empirical uncertainties;
precise atomic distribution in a crystal structure is an example of this type
of uncertainty. Sampling bias and analytical uncertainty also fall within
this category. Simplifying complexities of a system to provide manageable
model inputs gives rise to parametrical uncertainties. For instance, macro-
scopic representations of activity models that rely on microscopic parame-
ters are an example of this type of uncertainty. Temporal uncertainties arise
from the assumption that systems are temporally stable.

Uncertainties in calculations are propagated using the error propagation
equation:

Vy =JVJ* (1)

where Vy and Vy are the covariance matrices for x and y, respectively, while
J is the Jacobian matrix, which consists of the first derivatives of the elements
of y with respect to the elements of x. Measurement errors and modeling
errors are considered in the uncertainty propagation. Uncertainties in the
internally consistent thermodynamic dataset and uncertainties related to ac-
tivity models are addressed in Chapter 7. Additionally, uncertainties in the
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analytical data (e.g., oxide compositions) are considered by propagating er-
rors related to the analytical precision within compositional vectors.

The debate over the applicability of model validation has encouraged
natural scientists toward a more open approach: model evaluation. Unlike
validation, which implies legitimization and assumes the model is inher-
ently aligned with the truth, the evaluation approach allows for both positive
and negative outcomes during the assessment process. According to Hodges
and Dewar (1992), validatable models must meet four criteria for the situ-
ation being modeled: (a) it must be observable and measurable; (b) it must
exhibit constancy of structure in time; (c) it must exhibit constancy across
variations in conditions not specified in the model; and (d) it must permit
the collection of ample data. Oreskes (1998) summarized those criteria as:
measurability, accessibility, and temporal and spatial invariance. However,
models in the natural sciences (e.g., geology) generally fail to meet these
criteria and thus cannot be validated. Their reliability as a basis for pre-
diction cannot be demonstrated because natural science deals with complex
systems involving multiple interacting variables that are difficult to access,
measure, or control and may change over space or time (Oreskes, 1998).

In natural systems, the process of model assessment is complicated by in-
determinate or as-yet-undetermined interrelationships between variables.
Despite these challenges, there are several parameters that can be used to
assess a model’s reliability in terms of the current knowledge of a specific
discipline. First, theories can be probabilistically tested, meaning that the
more experimental tests a model has successfully passed—often correlated
with the length of time the model has been in use—the more likely it is to be
accurate. Second, we can evaluate the quality of models based on their un-
derlying scientific principles, the quantity and quality of input parameters,
and their ability to reproduce independent empirical data.

Phase Equilibria Modeling

Geochemical modeling involves quantitative methods to evaluate large-scale
or complex geochemical processes, such as mass balance and equilibrium
conditions. A subset of geochemical modeling is thermodynamic compu-
tations, where the goal is to identify the most stable state of a system (equi-
librium conditions) given a set of system constraints. Depending on the
defined (fixed) variables and the computed variables, backward or forward
thermodynamic models can be constructed. Thermobarometry is an exam-
ple of backward thermodynamic modeling. Here, the goal is to determine
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the pressure and temperature (independent variables, unknown) that drove
the system toward its chemical equilibrium state (dependent variables, known
or measured) at peak metamorphic conditions (Chapter 7). Conversely,
forward thermodynamic modeling is used in the production of phase di-
agrams (Chapter 6). In this approach, the independent variables (pressure
and temperature) are manipulated in the simulation, causing a perturbation
in the system in order to study the resulting mineral responses.

Geochemical models require thermodynamic and kinetic data, which are
often incompletely or only approximately known. Therefore, geochemical
models are generally ill-posed problems that require additional informa-
tion to obtain solutions. For thermodynamic data, we rely on additional
information from experiments to constrain the problem (e.g., enthalpy de-
terminations). The process of tuning the model (calibration) involves the
manipulation of the independent variables to obtain a match between the
observed and simulated distributions of dependent variables (Oreskes et al.,
1994).

The reproduction of thermodynamic properties using empirical formu-
lations is improved through the use of self-consistent data usually fitted with
mathematical programming techniques and regression analysis (Chapter
2). Internally consistent thermodynamic databases are used for thermo-
dynamic analysis of geologically relevant phase diagrams using computer
programs. These programs use the internally consistent databases to gen-
erate phase diagrams involving solid solutions (forward modeling) defined
through activity models for the phases. The activity models include infor-
mation about ideal activities, activity coeflicients, and types of non-ideal in-
teractions (ideal, symmetrical, and asymmetrical); these topics are covered
in Chapter 5.

The topic of thermobarometric calculations (backward modeling) is de-
veloped in Chapter 7. Two primary approaches are described. The first is
by intersection of a set of two linearized mineral reactions at or close to the
pressure and temperature of equilibration (for example, the garnet-biotite
thermometer and the grossular-kyanite/sillimanite-anorthite barometer). A
second approach is by searching an optimal P — T' (pressure-temperature)
point at the intersections of multiple mineral reactions.

Organization of Chapters

Chapter 1 presents a very brief introduction to Python programming and
the basics of linear algebra used in the development of the book. The
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thermodynamic theoretical framework begins with the four laws of thermo-
dynamics, introduced in Chapter 2. Chapter 3 focuses on the geometrical
analysis of compositional and reactive spaces, which, along with thermody-
namics, is the basis for understanding phase equilibria. Chapters 4 and 5
address the calculations of Gibbs free energy in systems with pure phases
and solid solutions. Chapters 6 and 7 form the core of the book, show-
casing computational phase equilibria modeling strategies for performing
thermobarometric and phase diagram calculations.
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11. Programming Tool: Python

A large portion of this book is devoted to encouraging individual work by
way of replication of practical programming exercises. There are many pro-
gramming languages, ranging from low-level languages that use binary rep-
resentations (zeros and ones) to high-level languages that resemble the way
we speak. This book makes extensive use of algorithms written in the Python
programming language as a tool for understanding and visualizing problems
related to thermodynamics and phase equilibrium. Note that coded instruc-
tions in Python are very similar to MATLAB instructions (pre-programmed
functions in Python follow similar calling conventions).

Python is a high-level language that is easy to learn. In particular, this
book uses the Jupyter interface which is based on building Notebooks. It is
recommended to go through the exercises using this interface. These are
some of the advantages of using Python:

e Python is a multi-paradigm programming language offering several
options for software engineering: imperative programming, functional
programming, and object-oriented programming (OOP); thus, it does
not force any particular style of programming. OOP is based on the
idea of using objects instead of procedures as in traditional program-
ming. Objects are created (instantiated) based on components of the
program termed classes, which are defined by their properties (con-
stants and variables) and methods (class functions).

e Python is freely distributed (BSD license) and works on all operating
systems (Windows, macOS, Linux, etc.).

» Python is based on an interactive interpreter (It is a language that allows
interactive experimentation, enabling users to test and refine their
code directly).

» Python has a simple syntax, making it easy to learn, read, and under-
stand. It is supported by comprehensive documentation.

e Python provides a rich set of built-in data types.
* Python includes an extensive standard library for various applications.

e Python supports a wide range of mature external libraries (packages)

(NumPy, SciPy, Maiplotlib, etc.)

e Many Python libraries are adapted or imported from routines exten-
sively tested in other languages (C, C++, and Fortran).
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As you learn Python (if you haven’t already), you will notice some dif-
ferences with other programming languages. In particular, it is important
to bear in mind that the content of code blocks (loops, functions, classes, etc.)
is delimited by indentation—spaces or tabs before each command line that
belongs to the block—. Compare this to other programming languages that
declare blocks using a set of characters (e.g., braces {}). Both spaces and
tabs can be used to indent code; however, it is recommended not to mix
them. The Python community strongly encourages programmers to follow
the Style Guide for Python Code, also known as Python Enhancement Proposal
#8 or PEP 8 (Rossum ez al., 2001). Some of the recommendations are: (i)
use of spaces instead of tabs for indentation, (ii) use of four spaces for each
level of indentation, (iii) keep lines to 79 characters or less, (iv) avoid spaces
around list or array indices, and (v) use a single space before and after the
equal sign ("=") in variable assignments (e.g., write x = 10, not x= 10 or

x=10).

1.2. Jupyter Notebooks

Notebooks are documents that combine text and fragments of programs
that can be executed interactively. This enables the development of pro-
grams alongside explanatory notes or documents (e.g., articles) that include
the necessary code to reproduce results such as data tables and figures. Note-
books can also be exported to different formats to present the final version
of the document (e.g., .pdf).

1.21. The Cells of the Notebook

Notebooks are composed of cells, which may contain code (program exe-
cution instructions), text, or both. The code in the cells can be executed
by selecting the cell and using the appropriate menu button or by using the
"Shift" + "Enter" key combination. When cells with code are executed, a new
cell is produced with the result of the execution of the program. When cells
with text that has formatting (Markdown) are executed, the text is displayed
as it would finally appear in a PDF or Word file.

1.211. Formatted Text

Cells with text can be formatted using a language called Markdown. Using
this type of cell in combination with cells with code, a self-contained com-
plete document with executable scripts can be created. Within Markdown
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cells, symbols and mathematical formulas can be included in the text using
the symbol $ at the start and end of the block, once for on-line use within
the text and twice ($$) for equations on their own line. Note that equations
can be numbered using 'tags’. Markdown cells can also include images in a
variety of ways, one commonly used option is using the syntax ![J(path/
to/file). However, this alternative is not very flexible for controlling the
output image (for example the output size of the image). A better alternative
is using the MyST markdown syntax that allows to control many parameters
of the image and its context (size, caption, etc.).

The following unrendered text in a cell is an example of formatted text
that includes lists, equations, code, and an image:

- Points from a list
- Different levels of lists
- text in **bold** and *italics* (or with emphasis)
- Inline equation: _"the circumference of a circle is_
- $2\pi r$"

Equation in its own line:

$$y= mx + b$$

Fragment of code:
*°° python
for i in range(0,100):
print(i)
Image:
" {figure} data/Fig_1_1.png
:height: 150px
:name: figurel
:align: center
Magnesium K_a X-ray intensity map from a portion of an_
—eclogite polished thin section; image captured in an_
—Electron Probe Micro Analyzer.

This will render as:




6  Introduction

e Points from a list

— Different levels of lists

% Text in bold and italics (or with emphasis)

* Inline equation: "the circumference of a circle is 2mr"
Equation in its own line:
y=mx+b (1.1)

Fragment of code:

for i in range(0,100):
print(i)

Image:

Figure 1.1: Magnesium K, X-ray intensity map from a portion of an eclogite pol-
ished thin section; image captured in an Electron Probe Micro Analyzer.

1.3. Algorithms

Written code in programs is based on algorithms. An algorithm is a list
of the sequence of steps (instructions) that must be followed to complete
a specific task. Programming consists of encoding these instructions in a
language that the computer can interpret and execute.
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‘Worked example 1.1 £

Write a program to guess a number. For that, use two fundamental programming
concepts: (i) the use of variables and constants, and (ii) the use of execution control
instructions.

The code needs to generate a random number and ask the user to guess the gen-
erated number. The user has a fixed number of attempts. After each attempt, the
program needs to inform the user if the guessed number is equal to (in which case
the program terminates), below, or above the randomly generated number.

We start by building an algorithm containing a list (sequence) of instructions ac-
cording to the desired behavior:

1. Load the necessary modules.

2. Initialize variables and constants.

3. Start a loop and verify that attempts have not been
exhausted.

. Ask the user for a guess.

Compare the user's guess with the generated number.

If the guess is correct, congratulate the user.

If the guess is higher or lower, inform the user of the

condition of the guess.

~N o o b

Note that the instructions that seem necessary when we start the project are explic-
itly listed above. This sequence can change as we build the program. In some cases,
we may need to add instructions; in others, it might be necessary to remove them,
or even change the order in the sequence. These changes are almost always neces-
sary in large projects; however, in our small project, we will see that no changes are
required.

import random #1. functions to generate random numbers
#2.
generated_number = random.randint(1, 20)
attempts = 0
number_found = False
while attempts < 6 and not(number_found): #3.
number = input("Try to guess the integer: ") #4.

#5. and 7.
if int(number) > generated_number:
message = "My number is greater than " + number
elif int(number) < generated_number:
message = "My number is smaller than " + number
else: #6.
message = "Congratulations, you guessed the number"
number_found = True
print(message)

attempts += 1
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1.4. Some Fundamental Programming
Concepts in Python

1.41. Variables and Constants

A variable is an abstraction representing a value that is stored in the com-
puter’s memory. To use this value, we assign a name to the variable. The
stored value in variables can change during the execution of a program. For
example, in the program we built, attempts and number are examples of
variables. A constant is also an abstraction; however, unlike variables, con-
stants do not change their value during program execution. In our example,
generated_number is a constant. In Python, there is no difference between
the declaration of variables and constants, i.e., all declared values are vari-

ables.

1.4.2. Control Instructions - Loops

Loops are sequences of instructions that are executed an n number of times.
The number of times the sequence is repeated can be defined initially as part
of the loop or can be controlled during program execution. The three most
commonly used loops in programming are the while loop, the for loop, and
the do-while loop. In the worked example above, there is a while loop that
controls the number of times the sequence of instructions is repeated inside
by changing variable values during execution of the program. However,
note that the program places an upper limit on that number (the loop can
be executed up to six times).

1.4.3. Control Instructions - Conditional or
Alternative

In conditional control instructions (also called Boolean), the execution se-
quence of a program is altered based on the result of a condition evaluation.
If the result of the evaluation is True a group of instructions is executed; if
the result is False another set of instructions is executed. In the example,
the number that we introduce is compared with a randomly generated num-
ber. If they are the same, the program changes the value of number_found
to True to end the execution. If they are different, the program allows new
attempts until the maximum number of attempts is reached.
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1.4.4. Functions

A function is a unit of a program that contains a sequence of instructions and
operates independently of the rest of the program. The main components
of a function block are (Figure 1.2):

e The values that the function receives as input, known as the parame-
ters.

» The sequence of instructions coded in a specific programming lan-
guage.

¢ The resulting values and/or actions triggered by the instructions. If
the function is expected to produce a final resulting value or values,
this is called the return of the function. The return value is optional,
i.e., some functions do not produce one.

In essence, a function is a mini-program; its three components are anal-
ogous to the input, process, and output of a program (Figure 1.2). As func-
tions group instructions that can be used to process a set of data in a standard
way, they are useful for generalizing code. They also serve to compartmen-
talize code by taking some sequences of instructions that are used repeti-
tively to locate them outside the main body of the program. Generalization
and compartmentalization are central for code reusability, allowing devel-
opers to write code that can be used in other programs.

Functions in Python are created using the def statement (Figure 1.2).
For example, the following code snippet is a function created to calculate
the factorial of a number:

def factorial(n):
f =1
for i in range(1, n + 1):
f =1
return f

Variables created inside a function (including the parameters and the re-
sult) are called local variables. These variables are only visible inside the
function, not from the rest of the program. Functions can take multiple
input parameters and produce multiple output values. For example, the
following function takes two parameters as arguments and returns two nu-
meric values:
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Input parameters

Function body

4

Result
Function Comma separated
name Parameters
\ [
Keyword . B
et — def function (X,y): — colon
Z—X &3 y Function
‘return’ Body
—— return z

statement

——
Indentation (tab)

Figure 1.2: Representation (top) and schematic Python definition (bottom) of a function

def factorials(n1,n2):

f1 =1

f2 =1

for i in range(1, n1 + 1):
f1 *=i

for i in range(1, n2 + 1):
f2 *x= 1

return f1,f2

A function can perform actions without necessarily returning a value, but
instead display a printed result, as shown in the following function:

def print_factorial(nl,n2):
f1 =1
for i in range(1, n1 + 1):
f1 *=i
print(f1, "is the factorial of ", n1)

Of course, functions can call other functions. For example, the follow-
ing function calculates the number of possible combinations between two
numbers (C(m, n) = (m+LL')'n') To do this, it calls the factorial() function
defined earlier:
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def comb(m, n):
fact_m = factorial(m)
fact_n = factorial(n)
fact_m_n = factorial(m - n)
c = fact_m / (fact_n * fact_m_n)
return m

1.5. Data Types in Python

Pieces of data used within a program can take a variety of formats. To en-
sure that the program operates correctly—i.e., that it interprets the value
stored in a variable as intended—the programmer has to assign the correct
attributes to the data. This is primarily achieved using the predefined data
types within the programming language. However, on some special occa-
sions, the programmer needs to define custom data types. Table 1.1 shows
some of the most commonly used data types in Python.

Table 1.1: Data types in Python

Type Class Notes Example
str String Immutable String
uni- String Unicode version of str u’String’
code
list Sequence Mutable; can contain objects of | [4, ’String’, True]
various types
tuple Sequence Immutable, can contain objects | (4, String’, True)
of various types
set Set Mutable; no order; contains no | set([’String’,
duplicates True])
frozen-| Set Immutable; unordered; contains | frozenset([4.0,
set no duplicates "String’, True])
dict Mapping Group of key-value pairs {keyl: 1.0, key2™
False}
int Integer Fixed precision; converted to | 54
number long in case of overflow
long Integer Arbitrary precision 421
number
com- Complex Real part and imaginary part j 4.5+ 3j)
plex number
float Decimal Double-precision floating point 3.1415927
number
bool Boolean Boolean true or false value True or False
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1.6. Linear Algebra and Python for Scientific
Purposes |

1.6.1. NumPy

NumPy is a module in Python that contains functions for creating and oper-
ating on N-dimensional arrays (vectors), which are newly defined data types
within the Python ecosystem. Functions within NumPy are fast (close to that
of compiled languages) because they are based on precompiled C code and
vectorized. The meaning of this last term becomes clear when examining
the following operation between two arrays using a for loop:

import numpy as np

n =100

a = np.arange(n)

b = np.arange(n)

sum = 0

for i in range(100):
sum+= alil*b[i]

The loop above can be replaced by a NumPy vectorized operation:
sum = np.sum(a*b)

The last piece of code performs an element-by-element operation (broad-
casting) on the two arrays, eliminating the need of using a for loop.

The list of available functions in NumPy is extensive (see the official docu-
mentation at https:/numpy.org/doc/stable/user/index.html). These func-
tions are subdivided into unary functions (accepts one operand) and binary
functions (accepts two operands). In this and the following chapters, we
will explore several examples of available functions, including examples of
linear algebra operations and random number generation.

1.6.2. Vectors

Vectors describe spatial lines and planes, allowing calculations that explore
relationships in multidimensional space. These entities are studied in /in-
ear algebra under the field of vector spaces. Vectors are mathematical con-
structions with numeric elements that define n-dimensional coordinates of
a point in space. If we think of a vector as an arrow joining the origin of an
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n-dimensional space to the point defined by its coordinates, we can deter-
mine its magnitude and direction using its numeric elements. The magnitude
represents the distance from the origin, and the direction indicates where
the arrowhead is located. In general, an n-dimensional vector is a sequence
of n numeric elements:

v=1[v1,...,0] (1.2)

In Python, these sequences are known as arrays, and there are several ways
of constructing them, including the use of the array() function from the
NumPy library. The sequences are generally written horizontally (however,
in many cases, their representation must be vertical for use in linear algebra
operations). The following code, for example, creates two vectors defined
in R3.

import numpy as np
p = np.array([1,2,31)
g = np.array([4,5,6])

1.6.3. Inner (Dot) Product

This common operation for vectors takes two vectors of equal dimensions
and returns a single value. For the three-dimensional vectors p and q, their
dot product is defined as:

p-a=(p1-q1)+(p2-q2) + (3 g3) (1.3)
To check that this is the case, we can run the following code:

print(np.dot(p,q) == (pL[0I*q[0] + p[11xq[1] + p[21*q[21))

The above code highlights an important point about array indexing in
Python, the indexing starts at zero instead of one as in common mathemat-
ical convention. In the equation above, the first element of vector p is pq,
but in Python, it is referenced as p[0].

1.6.4. Span of a Set of Vectors and Linear
Independence
The set of all linear combinations of a given set of vectors is called the span

of the vectors. For example, the vectors s and t, which are linear combina-
tions of p and q, belong to the span of (p, q):
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5:2*p+q
t = 3*xp + 5%q

A new vector r is said to be linearly independent of (p, q) if r does not
belong to the span of (p, q), i.e., r cannot be represented by a linear com-
bination of p and q.

r = np.array([6,8,12])

Later, we will see that this property is important when analyzing the
compositional space. We will also explore how to determine linear inde-
pendence.

1.6.5. Matrices

In general terms, a matrix is a set of numbers arranged in a rectangular array
with rows and columns, like this:

(1.4)

Sy

4 5 6

Note that matrices are usually named with uppercase letters. We refer to
the individual elements of the array using the lowercase equivalent with sub-
scripts indicating the row and column positions. Row indices go from top to
bottom, while column indices go from left to right. In standard mathemat-
ical notation, indices for rows and columns start at 1. Some programming
languages have the same convention.

a a a
A= [ 1,1 1,2 1,3] (1.5)
as,1 492 a3y

In Python, you can define a matrix as a NumPy two-dimensional array, like
this:

A = np.array([[1,2,3],
[4,5,611)

Alternatively, you can also use the NumPy type matrix, which is a spe-
cialized subclass of array:

M = np.matrix([[1,2,3],
[4,5,611)
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However, the matrix type is not recommended by the latest documen-
tation of NumPy. Instead, using NumPy arrays is preferred. All the matrices
above have 2 rows and 8 columns, the size or dimensions are an important
attribute of a matrix, the .shape function extract this information from a
defined matrix variable:

print(M.shape) # (2, 3)

Matrix elements are accessed using the row and column number (index)
of their location. This uses the indicial notation [i,j], where the index
i represents the row number and index j represents the column number.
Remember that in Python, indices start at 0.

print("A(0,0): ", A[0,0]1) # A(0,0): 1

1.6.6. Block Matrices and Submatrices

Some algorithms require the representation of a large matrix using blocks
or submatrices. There are also common cases where a matrix needs to be
constructed using blocks resulting from specific functions in the code. In
either case, Python offers a variety of functions to facilitate these essential
types of calculations.

In the following example, two block matrices are constructed from a ma-
trix A. The construction of the submatrices uses the range operators in the
two-dimensional case (;, :). The first range operator (before the comma)
indicates the rows to be copied, and the second range operator (after the
comma) indicates the columns to be copied. The range operators have the
syntax a:b, where a indicates the lower end and b the upper end of the range
(not inclusive), i.e., [0:2, 4:6] indicates rows 0 and 1 and columns 4 and 5.

A = np.array([[2, 7, 6, 2, 4, 31,
[9, 5, 1, 9, 2, 01,
[4, 3, 8, 1, 0, 9],
[o, 5, 4, 3, 8, 311)
A_ul = A[0:2, 0:4] # [[2 7 6 2]
# [9 51 9]1]
A_ur = A[0:2, 4:6] # [[4 3]
# [2 0]]
A_lr = A[2:4, 4:6] # [LO 9]
# [8 31]
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The construction of a matrix using submatrices is done by applying sev-
eral functions available in the NumPy library. Consider the following code
snippet that uses functions to stack rows/columns (or blocks) horizontally
and vertically:

Assemble an nd-array from nested lists of blocks.
= np.block([A_ur, A_ull)

Vertical stack

= np.vstack([A_lr, A_ur])

Stack 1-D arrays as columns

= np.c_[A_l_stack, np.zeros((9))]

Stack 1-D arrays as rows

= np.r_[A_l_stack, np.zeros((1,3))]

m # O # O HF W H

1.6.7. Matrix Transpose

The transpose operation of a matrix changes the orientation of its rows and
columns. This operation is indicated using a superscript T*

T 1 4
[411 2 i =12 5 (1.6)
3 6

In Python, both the NumPy array and the NumPy matrix have a function T:

A = np.array([[1,2,3],

[4,5,611)
A_transpose = A.T # [[1, 4],
# [2, 5],
# [3, 6]]

1.6.8. Matrix-Matrix Multiplication

Matrix multiplication involves the calculation of the dot product of rows and
columns. The algorithm for performing this operation follows the dot prod-
uct of rows and columns (RC rule - multiply Rows of the first matrix with
Columns of the second matrix), in mathematical terms:

C=A-B (1.7)

P
¢ij = Zaikbkj (1.8)
k=1
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For the matrices to be conforming to the dot product operation, the number
of columns in the first matrix must match the number of rows in the sec-
ond matrix. The following Python code snippet performs the dot product
between two matrices. The result is verified by comparing the first element
of the resulting matrix C and the dot product of the first row of A with the
first column of B:

A = np.array([[1,2,3],

[4,5,6]11)
B = np.array([[9,8],
(7,61,
[5,411)
C = np.dot(A,B) #[[ 38 32]
# [101 86]]

# check the first individual operation
print(np.dot(AL0],B[:,0]1) == C[0,0]) # True

1.6.9. Inverse of a Matrix

The inverse of a square n X n matrix is another n X n matrix. The inverse of
B is written as B~1. Note that the dot product of a matrix with its inverse
is always the identity matrix. The inverse of a 2 X 2 matrix is given by the
following formula:

B! =

1
b1,1 51,2} _ 1 [ bg,9 -51,2} (1.9)
ba,1 bao bi,1 Xbog—b1oaxbyy [=be1 b1

The following code snippet calculates the inverse of a 2 X 2 matrix:

B = np.array([[6,2],
[1,21D)
B_inv = 1/(6%2-2%1)*np.array([[2,-21,
[-1,611)
print(np.linalg.inv(B)) #[[ 0.2 -0.2]
# [-0.1 0.6]]

1.6.10. The Determinant of a Matrix

The determinant is a property (scalar quantity) of a square matrix that deter-
mines if the matrix is invertible. This property is denoted as det(B) or |B|.
From the previous statement, it follows that the existence of B~ is directly



18 « Introduction

related to the determinant of B; if det(B) = 0, the matrix is non-invertible
and it is said to be singular.

The determinant of an 2 X 2 square matrix is the product of the diagonal
elements minus the product of the off-diagonal elements:

b b
|B| = L1 12| _ bl,l X bg,g - 51,2 X b2,1 (1.10)
bo,1 boo
For example:
(1’ 3’:6x2—1x2:10 (1.11)

For larger square matrices, the calculation of the determinant is based on the
definition of minors and cofactors. A minor of a matrix is the determinant of
a submatrix obtained by removing a specific row and a specific column from
the original matrix. Minors are symbolized using subindices to indicate
which are the column and the row missing in the submatrix. Consider the
following matrix A:

ay,1 aye a3
A=lag1 age ass (1.12)
ag,1 asg9 as3

For this matrix, the minor M1 g is the determinant of the submatrix ob-
tained by removing row 1 and column 2:

as,1 43
as,1 a3

Mo = =ay] X ag 3 —ag 3 X ag | (1.13)

Each element in a n X7 matrix (n > 2) has a corresponding minor. A matrix
of minors can be formed by calculating the minors for each element. The
cofactors are defined as the minors multiplied by =17/, For example, for
row 1 and column 1 the cofactor is the minor (=11 = 1) and for row 1 and
column 2 the cofactor is minus the minor (=1*2 = —1). These definitions
allow us to derive a general algorithm to calculate the determinant of any
square matrix:

1. Select any row or column in the matrix. It does not matter which row
or column is used—the result will be the same; however, for some
rows or columns the calculation will be faster (i.e., those that have
more zero elements).

2. The determinant is the sum of the terms obtained by multiplying ev-
ery element in the selected row or column by its cofactor.
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3. The determinant of a n X n matrix (n > 2) can be calculated induc-
tively, that is, the determinant of a 8 X 8 matrix is calculated using
2 x 2 determinants, the determinant of a 4 X 4 matrix is calculated
using 8 X 8 determinants, and so on.

For a 8 X 8 matrix, selecting row 1, the determinant will be the result of
the following operation:

ai,1 aie a3
Al = B ase ag3 as1 a3 as,1 age
|A| =lag,1 ag9 ag3|=ai —ay +ay3
agge as3 as;] as3s ag,1 aso
as,1 asyg as3
(1.14)

One way to reduce computations when calculating the determinant is by us-
ing the LU decomposition (see Section 1.6.16), because det(A) = +det(U)
and the determinant of an echelon form matrix is the product of its main
diagonal elements (the + sign is negative if an odd number of row inter-
changes occurred).

The inverse of a matrix can be calculated using the cofactor method:

1
A= det(A)adj(A) (1.15)

where adj(A) is the adjoint of matrix A defined as the transpose of the
matrix of cofactors of A.

Worked example 1.2 £

Determine if the following matrix C is invertible by calculating its determinant. If
the matrix is invertible, calculate C~1 using the cofactor method.

1 2 1
C=12 1 3
3 2 4

1. Calculate the determinant of C. By selecting row 1:
1 3 2 3 2 1
9 4‘_2‘3 4‘*1’3 2’
ICl=1(1x4-8%x2)-2(2%x4-3%x3)+1(2x2-1x%x38)=1

|C|=1‘

|C| # 0, therefore the matrix is invertible.
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Worked example 1.2 (cont.) (4

2. Compute the matrix of cofactors. The cofactors of row 1 can be visualized
from the calculation of the determinant in numeral 1 ([-2 1 1]). As another
example of the procedure, the cofactors for elements in row 2 are shown
next:

* Forcg 1 the cofactor is:

el 2
(1) 2 4’_ €
* For ¢y 9 the cofactor is:
ezl 1)
(E10) 3 4' ks
¢ For ¢y g the cofactor is:
sl 2]
The final matrix of cofactors is:
-2 1 1
-6 1
5 -1 -3
3. Calculation of C™1:
e 1) 265
C‘1=T—6 1 4| =1 1 -1
5 -1 -3 1 4 -3

4. Verify results with NumPy:

import numpy as np
C = np.array(L[1, 2, 1],

[2, 1, 31,

[3, 2, 411
np.linalg.det(C), np.linalg.inv(C)

1.6.11. The Rank of a Matrix

The column space of an m X n matrix A is the vector space spanned by the
columns of A (remember that the span provides information about linear
independence). Similarly, the row space of an m X n matrix A is the vector
space spanned by the columns of AT. The dimension of the column space
of A represents the rank of the matrix. This value is always less than or equal
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to the minimum of n and m. The dimension of the row space of A is also
equal to the rank of matrix A. The rank of a matrix represents the number
of independent rows or columns in the matrix. In the following example,
matrix A has a rank equals to two, the matrix has two independent rows and
two independent columns. It is easily seen that the third row is obtained by
summing the first and the second row.

A = np.array(L[1, 2, 4, 1, =31,
[27 4; 0’ Oy _6]’
[3, 6, 4, 1, -911)

rankA = np.linalg.matrix_rank(A) # 2

Note that the above matrix is said to be rank deficient since rank(A) <
min(m, n).

1.6.12. The Null Space of a Matrix

In an m X7 matrix A, the set of vectors in R” for which A -z = 0 is called the
null space of A. It is denoted by N(A). The operation of finding the null
space is equivalent to solving the system A -x = 0. In the following example
the null space of a matrix is obtained by using the linalg.null _space function
from SciPy, then the result is verified using the dot product of the first row
with the null space vector.

import scipy.linalg as la
A = np.array([[1, 3, 2],
[2, -3, -511

nullA = la.null_space(A) #[[ 0.57735027]

# [-0.57735027]

# [ 0.57735027]1]
# Convert the resulting matrix in a vector
nullA_vec = nullA[:,0] #[ 0.57735027 -0.57735027 0.57735027]
# test the result with the first row
print(np.round(np.dot(A[0],nullA_vec), 15) == 0.0) # True

1.6.13. Summary of Tests for Singularity

There are several conditions that indicate whether an n X n A matrix is
invertible or nonsingular; these conditions represent different tests for in-
vertibility. A matrix is nonsingular if any of the following conditions hold:

e det(A) # 0.
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rank(A) = n, A is a full rank matrix.

A - x = 0 implies that x = 0 is the unique solution. The null space of
A is empty.

The rows (or columns) of A are linearly independent.

1.6.14. Solution of Linear Systems

A full-rank square matrix (where all rows are independent) representing a
system of linear equations (A - x = b) can be used to solve the linear system;
the unique solution of the system is given by:

x=A"1.Db (1.16)
As an example, let us consider the following linear system:
2x1 +4x9 =18 (1.17)

6x1 + 229 = 34 (1.18)

In matrix form, the dot product of the coeflicient matrix A with the solution

vector x equals the vector b:

2 4| |x1| _ (18
RN @19
Since A is nonsingular (see the test below), the solution of the linear sys-

tem is given by equation (1.16). The following code tests the matrix for
singularity and finds the solution to the linear system:

A = np.array([[2,4],
[6,211)
print(la.det(A) != 0) # True
b = np.array([18, 341)
x = np.dot(la.inv(A), b)  #[5. 2.]

However, the above technique is not the most eflicient for solving linear
systems; the set of techniques used to solve a system of linear equations
(or inequalities) and to maximize or minimize linear functions is known as
linear programming. There are three necessary steps to use these techniques:
(i) Defining variables, (ii) Identifying constraints, and (iii) Determining an
objective function. NumPy offers many linear programming algorithms; for
example, it provides the linalg.solve function for linear systems that can be



Introduction e« 23

represented by a full-rank matrix (where all rows are linearly independent).
In other cases, the linalg.lstsq function calculates the best solution of the
system using the least squares method.

In the following example, a system of three linear equations is solved for
one right-hand side vector; the solution is tested against the right-hand side
vector:

import scipy.linalg as la
A = np.array([[ 4, 3, 21,

[-2, 2, 31,

[ 3, -5, 21D)
b = np.array([25, -10, -41)
x = la.solve(A,b) # [ 5. 3. -2.]
np.dot(A,x) == # True

1.6.15. Transformations

Many scientific computations involve transforming vectors to a new refer-
ence frame. Some of the commonly needed operations on data include
rotation, scaling, and translation. These transformations of vectors are per-
formed by multiplying a transformation matrix with the vectors. The trans-
formation matrix is the operand (function) that maps the coordinates of the
vectors to the new reference frame.

1.615.4. Linear Transformations

A linear transformation is an operation on vectors that respects the underlying
linear structure of the vectors. We can define a transformation 7' as the
operation:

Tv)=A-v (1.20)

For the transformation to be linear, for any two vectors (x and y) of the
vector space, the following holds (¢ and b are scalars):

T(ax+by)=aT(x)+bT(y) =aA-x+bA -y (1.21)

For example, consider the matrix A and the vector v:

(1.22)

i 8 P

3.1 24 0.5
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This is:

[1.5 0.0 3.45] (1.28)

3.1 2.4] [2:3,0.5] = [8.83

in Python:

v = np.array([2.3,0.5]1)
A = np.array([[1.5,0],
[3.1,2.411)
T = np.dot(A,v) # [3.45, 8.33]

In this case, the transformation T takes a 2-dimensional vector and pro-
duces a new 2-dimensional vector:

T :R? — IR? (1.24)

In a more general case, the resulting vector may have a different number of
dimensions than the original vector (the matrix transforms the vector from
one space to another):

T:R"— R™ (1.25)

The following Python examples show transformations that reduce and in-
crease the dimension of a vector:

v = np.array([2.3,0.5])
np.array([[2,3],

[5,21,

(1,110
# increasing the space of the vector
transformed_v = np.dot(A,v) # [ 6.1 12.5 2.8]
v = np.array([2.3,0.5, 0.81)
A = np.array([[1.5,0,1.0],

[3.1,2.4,4.511)

# reducing the space of the vector
transformed_v = np.dot(A,v) # [ 4.25 11.93]

>
I

Note that linear transformations can change both the magnitude and di-
rection of a vector. Two simple cases can exemplify these effects. In the
first example below, the transformation scales the vector, changing only its
magnitude; in the second example, the transformation rotates the vector,
changing only its direction:
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o 1
A=[oo a0l =[] (.20
Aov= [gg} (1.27)

e 2
A= |55 ) v=[ao .28
Av= [_0;5] (1.29)

As we will see later, linear transformations are central to the analysis of the
compositional space.

1.6.15.2. Affine Transformations

A transformation is affine if it preserves lines and parallelism; all linear
transformations are affine, but not all affine transformations are linear. An
afline transformation consists of multiplying a vector by a matrix and adding
a compensation vector, sometimes called a bias; like this:

T(v)=A-v+b (1.30)

RN R o

This type of transformation is actually the basis for linear regression. The
matrix defines the features, the first vector contains the coefficients and the
bias vector acts as the intercept.

For example:

v = np.array([2.3,0.5, 0.8])

A = np.array([[1.5,0,1.0],
[3.1,2.4,4.5],
[5.1,0.2,-7.111)

b = np.array([0.3,1.2,-1.5])

t = np.dot(A,v) + b # [ 4.55 13.13 4.65]
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1.6.16. Decompositions

Matrix decompositions include a number of operations applied to a matrix
to express it as a product of matrices—i.e., factorization of a matrix. Matrix
decompositions are widely used in several matrix algorithm implementa-
tions, for example, solving systems of linear equations. Some commonly
used decompositions include LU, QR, and SVD. NumPy and SciPy provide
implementations of most commonly used matrix decompositions. We will
explore some details of the LU and SVD in more detail in the following
chapters, as they are essential for upcoming topics.

1.6.16.1. LU Decomposition

LU decomposition is the process of decomposing a matrix A into a product
A = L- U, where L is a unit lower triangular matrix (all of its main diagonal
entries are ones) and U is an upper triangular matrix. Matrix U results
from Gaussian elimination—i.e, the result of applying row operations to
make the elements below the diagonal to zero. Matrix L is a representation
of the factors used during the elimination steps, and thus, it can be used to
recover the original matrix A.

Worked example 1.3 (4

Perform Gaussian elimination on the matrix A and save the applied operations dur-
ing the elimination of elements below the main diagonal to get the matrix L.

A=]10.0 -2.0 8.0

-5.0 -5.0 3.0

50 1.0 3.0]

The following are the needed operations to clear elements below the diagonal:
e Row2=Row2-2x*Rowl
e Row3d =Row3+Row 1
e Row3 =Row3 — Row 2

In matricial form, these operations are:

1.0 0.0 0.0
Op; = |-2.0 1.0 0.0]
0.0 0.0 1.0
1.0 0.0 0.0
Opg = [0.0 1.0 0.0]
1.0 0.0 1.0
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Worked example 1.3 (cont.) £
1.0 0.0 0.0
Ops=[0.0 1.0 0.0
0.0 -1.0 1.0

And gathering all operations in a single matrix:

1.0 0.0 0.0
L, =0p3-(Opg-Opy) =[-2.0 1.0 0.0

3.0 -1.0 1.0
The upper triangular matrix is computed as:
1.0 3.0 50 1.0 3.0
-2.0 1 0 10 0 —2 0 8.0 0.0 -4.0 2.0

3.0 -1.0 -5.0 3.0 0.0 0.0 4.0

U=L,-A=

The above relation can be expressed as:

L1 Uu=A
HaVinngLIj1
L-U=A
In Python:
import numpy as np
A = np.array([L[5, 1, 3],
(10, -2, 81,
-5, -5, 311)

row2 = A[1,:]1 - 2%A[0,:] # [0 -4 2]
row3 = A[2,:1 - (-1)*A[0, :] # [0 -4 6]
row3 = row3 - row2 # [0 0 4]
op_1 = np.array([[ 1, 0, 01,

[-2, 1, 0],

L 0,0, 11D
op_2 = np.array([[ 1, 0, 01,

[ o, 1, 01,

L 1,0, 11D
op_3 = np.array([[ 1, 0, 01,

[ o, 1, 01,

[ 0,-1, 11D
Lp = np.dot(op_3, np.dot(op_2,0p_1))

U = np.dot(Lp,A)
L = np.linalg.inv(Lp)
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Worked example 1.3 (cont.)

By multiplying L and U, we obtain the original matrix 4. Note that the matrix can
be reordered (row interchange) and in doing so we can get a different but equivalent
solution. The row exchange is needed when the element in a diagonal (called the
pivot) for a particular row is zero.

1.6.16.2. Eigenvalue Decomposition and Singular Value
Decomposition (SVD)

Suppose we have a linear transformation in the form A - x. If this transfor-
mation satisfies the following equation:

A-zx=1zx (1.32)

the A value is known as the eigenvalue of matrix A, and the associated vector
x is called the eigenvector corresponding to the A value. The interpretation
of this operation is that, for some vectors, the effect of the transformation
is only scaling (stretching, compressing, or flipping), with A acting as the
scaling factor. Eigenvalues and eigenvectors can be derived using the char-
acteristic equation:

det(A-21T)=0 (1.33)

Using an appropriate basis, any matrix A can be expressed as a diagonal ma-
trix of eigenvalues; from this, it follows that a matrix A can be decomposed
into a diagonal matrix using two different bases (the sets of left and right
singular vectors), this is known as the SVD decomposition:

A =UzV’ (1.84)

where A is the input m X n matrix, U are the left singular vectors, ¥ is a
diagonal matrix with singular values (square roots of the eigenvalues) for A,
and V contains the right singular vectors.

The SVD of A is related to the eigenvalue decomposition of the matrix

AT A:
1. Calculate AT -A and compute the eigenvalue decomposition of AT -A.

a. The eigenvalues are obtained by calculating the determinant of
AT . A — 1 I and solving the resulting characteristic polynomial.

b. The eigenvectors for each eigenvalue are derived from AT -A—-A 1
formed for each eigenvalue. The resulting matrix is reduced to row
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echelon form applying elementary row operations. The null space of
the row echelon form, converted into a unit vector, is the eigenvector
of the used eigenvalue.

2. X is anon-negative diagonal matrix, where each element is the square
root of an eigenvalue, sorted in descending order. These are the
nonzero singular values of A.

3. The columns of V are the eigenvectors.

4. U is calculated from oju; = Awv; that results in u; = 1/0;Awv;.

The matrix AT - A is known as the covariance matrix, which has a well-
known interpretation in statistics. However, this algorithm is unstable, and
an alternative way to compute SVD is to calculate the eigenvalue decompo-
sition of:

0 AT

A 0 (1.35)

o

Worked example 1.4

Compute the Singular Value Decomposition (SVD) of the following matrix:

3 3

0 16

1. Compute the eigenvalue decomposition of AT - A.

625 -1 75 ]

T A _ —
AT-A-A [ 75 265-21

The determinant of an 2 x 2 square matrix is the product of the diagonal minus the
product of the off-diagonal elements:

AT - A - A1 = (625 - 1) - (265 — 1) — (75) - (75)

22 28901 + 160000 = (1 — 640) - (1 — 250)
Thus, the two eigenvalues are 640 and 250.

2. Derive the eigenvectors:

e Fora =640

T s _eqny_ |F15 75
AT A 6401_[75 g5

Row 2 = Row 2 + 5*Row 1

-15 75
0 0
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Worked example 1.4 (cont.) £

Row1=Rowl/-15

0 0

o 0]

A null space for this matrix comes from x] — 5 x9 = 0, which gives:

I 1 5] |5
nuspaceo ol=13

The eigenvector corresponding to the eigenvalue of 640 is the unit vector:

5/V26
1/v26

e Fora =250

AT-A—25OI=[
0 0
75 15

]

A null space for this matrix comes from 5 x| +x9 = 0, which gives:

I 0 0] |-1
nuxpace5 11715

875 75
75 15

Row 1 = Row 1 - 5*Row 2

Row 2 =Row 2/ 15

The eigenvector corresponding to the eigenvalue of 250 is the unit vector:

-1/V26
5/V26

The matrix with the right singular vectors is:

- 5/V26  -1/V26
T {1/V26  5/426

8. The singular values are V640 and V250, then:

s |Vo40 0
Tl o V250

4. Compute the left singular vectors:

_ 5/N26| |8/V65
T ea0 [1/v26| T |1/v65

L -1/¥26| _|-1/V65
"= a50 | 5/v86 | T | 8/465
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Worked example 1.4 (cont.) £

then:

_[8/V65  —1/65
“|1/465  8/65

5. Test the result:

import numpy as np
V = np.array([[5/(26%*0.5), -1/(26%x0.5)1],
[1/(26%x0.5), 5/(26%x0.5)11)
S = np.array([[640%%0.5, 0 1,
[o , 250%%0.511)
U = np.array([[8/(65**0.5), -1/(65%%0.5)],
[1/(65%%0.5), 8/(65*%0.5)]11)
print(np.dot(U, np.dot(S, V.T)))

Note that NumPy has functions to perform the computation of the Eigenvalue and
the SVD decompositions:

import numpy as np
A = np.array([[25,3],

£0,1611)
print(np.linalg.eig(np.dot(A.T, A)))
print(np.linalg.svd(A))

1.6.17. Some Useful NumPy Functions

1. numpy.where(): Used to search within arrays for elements that meet
one or more conditions. The function returns two vectors, repre-
senting the row and column indices of the elements that satisfy the
conditions. In the Python example below, we look for data within a
matrix fitting a specific criterion (values greater than 10 and smaller
than 30). This produces two index arrays with the 7, j values of the
elements fitting the condition. The code then creates a matrix of ze-
ros and ones, values that fit the criteria are replaced with ones, and
values that do not fit the criteria are replaced with zeros:

A = np.array([[ 0, 2, 4, 6, 18, 20, 22, 24, 36, 38, 40, 421,
L1, 3, 5, 7,19, 21, 23, 25, 37, 39, 41, 431,
[ 2, 4, 6, 8, 20, 22, 24, 26, 38, 40, 42, 44],
[11, 13, 15, 17, 29, 31, 33, 35, 47, 49, 51, 531,

(continues on next page)
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(continued from previous page)
[20, 22, 24, 26, 38, 40, 42, 44, 56, 58, 60, 621,
(19, 21, 23, 25, 37, 39, 41, 43, 55, 57, 59, 61],
(18, 20, 22, 24, 36, 38, 40, 42, 54, 56, 58, 607,
L9, 11, 13, 15, 27, 29, 31, 33, 45, 47, 49, 51],
(10, 12, 14, 16, 28, 30, 32, 34, 46, 48, 50, 52]1)
A_g10_130 = np.where(np.logical_and(A>10, A<30))
A_filter = np.where(np.logical_and(A>10, A<30), 1, 0)

2. numpy.ix_(): Used to build a mesh of indices. For example, to ex-
tract data of matrix A (as defined above) from rows 1 and 8 and
columns 2 and 5 (a total of four elements), we could write in Python:

ix_rows = [1,3]

ix_cols = [2,5]

net_ix = np.ix_(ix_rows, ix_cols)

# Build a new matrix with elements [1,2], [1,5], [3,2], and [3,5]
B = Alnet_ix]

1.7. Python for Scientific Purposes Il

1.71. Matplotlib

Maiplotlib is a Python package for 2D plotting that provides functions to cre-
ate a wide variety of plot types. The package has many plotting capabilities
and allows customization of plots, making its use very flexible. Results can
then be saved in several output formats (PDF, PNG, PS, etc.), or visual-
ized in interactive sessions as in notebooks. A great feature of Maiplotlib is
its integration with La7eX, allowing users to include equations within the
plot. The following example shows how Matplotlib is used to plot a curve
representing the function sina? (Figure 1.8). First, a range of values in x
is created using the numpy.linspace function, then y values are calculated
with y = sinz?, and finally the matplotlib.pyplot.plot function is used to
plot results. Note that the function takes as the first parameters the x and
y values, then, takes other parameters to format the plot (in this case just
two parameters). The label parameter contains a La7eX equation, the use
of the matplotlib.pyplot.legend function instructs the interpreter to display
the legend on the plot.
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import matplotlib.pyplot as plt

X = np.linspace(0, 2 * np.pi, 2000)

y = np.sin(x**2)

plt.plot(x, y, color="green",
label=r'Function: $\sin x*2$")

plt.legend()

plt.show()

1.00 A

0.75 A

0.50 A

0.25 A

0.00 A

—0.25 1

—0.50 1

-0.75 1

—1.00 4 — Function: sinx?

0 1 2 3 4 5 6

Figure 1.3: A simple graph produced with the Matplotlib package.

1.7.2. SciPy

SciPy is a library of functions that provides additional functionality beyond
what is offered by NumPy. For example, it has routines to solve basic dif-
ferential equations and do numerical integration, for optimization, to per-
form signal processing and image processing, and for generation of random
numbers. For example, the SciPy module has a function to perform the LU
decomposition described above:

from scipy.linalg import lu
1,u = Lu(A, permute_l = True)
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1.7.3. Optimization

1.7.31. Maximum and Minimum of a Function

The classic example of an optimization routine deals with finding a func-
tion’s minimum and maximum values. To illustrate the complexity of this
operation, we will create a function with more than one minimum. Figure
1.4 shows a function with four minimum values in the range —10 < x < 10.
To generate this figure, we can use the following Python code:

import numpy as np
import matplotlib.pyplot as plt
def complex_function(x):
return x*x2 + 20*np.cos(x) - np.sin(x)
X = np.arange(-10, 10, 0.1)
fig, ax = plt.subplots()
ax.plot(x, complex_function(x));

To find the minima, we can use the optimize module from the SciPy li-
brary calling the optimization routine with the complex_function as an ar-
gument. Note that, initially, we do not ask for a specific method and the
optimization routine uses the default method (the Nelder Mead algorithm).
The routine takes as input parameters the function to be optimized and an
initial value. Also note that the function has three local minima and one
global minimum in the range -10 to 10, the one that the routine finds de-
pends on the provided initial value.

from scipy import optimize
print(optimize.minimize(complex_function, x0=0))
# fun: -11.34; x: 2.807

The result from the optimization routine includes information about the
successful termination, the minimum found (x and y), and two arrays (Jaco-
bian and Hessian). The Jacobian contains all the first-order partial derivatives
of the (multivariate) function, i.e., an array of values describing the slope
of the function with respect to each of the variables (in this case only one).
The Hessian is a square 2-D array (a matrix) with the second-order partial
derivatives, it describes the local curvature of the function. If we call the
minimization function with an initial value towards one of the extremes in
the plot above, we will get a local minimum:

print(optimize.minimize(complex_function, x0=-10))
# fun: 61.00; x: -8.467
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80 A

60 -

40 -

20 A

T T T T T

-10.0 -75 =50 =25 0.0 2.5 5.0 7.5 10.0
Figure 1.4: y vs. 2 graph of the function y = 2% + 20 cosz — sinz.

The function can also be called specifying the desired algorithm to use
during minimization:

print(optimize.minimize(complex_function, x0=0, method="L-BFGS-B"))

1.7.3.2. Roots of Nonlinear Systems

The problem is stated as follows: given a continuous nonlinear function
[ (x), the goal is to find a set of x values satisfying /(x) = 0. These x values
satisfying the constraint are called the zero roots or simply the roots of the
function. Nonlinear functions can have anywhere from zero real roots to
multiple roots, and generally, the solution can only be found by iterative
algorithms. The iterative algorithms start with an approximate solution,
the chances of finding a correct solution increases with guesses closer to a
solution of the non linear function. The number of iterations to obtain the
solution also depends on the initial guess.

There are multitudes of algorithms designed to be eflicient depending on
the characteristics of the given function. As an example, we will examine an
iterative method that uses derivatives of the function: the Newton-Raphson
algorithm. This algorithm calculates the tangent (derivative) of the function
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at the current estimate of the root and uses this result to improve the esti-
mate. The improvement is performed by calculating the intercept of the
tangent with the x-axis, which represents the updated root estimate. With
x, representing the current estimate and x,, the updated estimate, an iter-
ation step in the algorithm applies the following equation to get the updated
estimate:

(@)
f’ (xn)

This method uses a loop that iterates over the estimates until the error is

(1.36)

Tptl = Ty

less than a predefined tolerance. If we want to find a root of the following
function:

y=22+z2-16 (1.37)
we could use the following Python code:

def roots_NR(xo0):
def f_x(x):
return x**2 + x - 16
def fp_x(x):
return 2*xx + 1
tol = le-16
steps = 0
while f_x(xo0) > tol and steps < 20:
xo = x0 - f_x(x0)/fp_x(xo0)
steps += 1
print(xo, steps)
roots_NR(5) # 3.53113, 5

A set of methods extends the use of derivatives for finding roots in non-
linear systems of equations. For vectors and vector-valued functions, the
following is the linear approximation of f(x) at x,,:

f(X) = f(Xn) + Vf(X,L)(X - Xy) (1.88)

where V represents the gradient of the function (derivatives of the function
with respect to all variables). The goal is to find x such that f(x) = 0; if we
choose x,,,1, then:

f(Xn) + Vf(xn)(xn+l -x,)=0 (1.89)

Since V/(x,) is a square matrix, the solution of this equation is:

Xp+l = Xp — Vf(Xn)_lf(Xn) (1.40)
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In practice, the algorithm involves solving first the equation:

V() Ax = —f (x,) (1.41)

Then, use the solution vector Ax to improve the estimate:
Xptl = X, + AX (1.42)

The Python code below, for example, is used to estimate the roots of the
following nonlinear system:

x:f+x2—3=0 (1.43)

—x1+a5+1=0 (1.44)

import numpy as np
def functions(x):
return np.array(L(x[0]**3 + x[1] - 3),
(x[11**3 - x[0] + 1))
def gradient(x):
return np.array([[3 * x[0]x*2, 1],

[-1 , 3 % x[11*x2]1)
X0 = np.array([0.5, 0.5])
n=20
while abs(np.sum(np.absolute(functions(xo)))) > 1e-16 and n < 20:
n +=1

f = functions(xo)
g = gradient(xo)
delta_x = np.dot(np.linalg.inv(g), f.T)
xo -= delta_x
print(n, xo)

20 [1.3226968 0.68590645]

Note the use of Vf(x)~!, which, in practice, is never used. Instead,
nonlinear root finding algorithms use linear methods to solve the system in
equation (1.41).

In the Python ecosystem, several root-finding algorithms are provided
by SciPy. To illustrate the use of these algorithms, let’s find the roots of the
following nonlinear system:

f(x) = 3x1 — cos(xgxg) — 0.5 (1.45)
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g(x) = 2 - 81(ag +0.1)? +sin(xg) + 1.06 (1.46)
h(x) = e~ “1*2 + 9025 + (107 — 3)/3 (1.47)

To find the roots, we first create a Python function that accepts an array with
the three parameters (x, x9, and x3) and returns an array with the calcu-
lated values of the three functions. Then, we call the root function from
scipy.optimize, to which we provide just the function and a starting guess
for the solution (it uses the default algorithm):

import scipy.optimize as opt

from math import cos, sin, e, pi

def non_linear_system(x):
f = 3*%x[0] - cos(x[1]Ixx[2])-1/2
g = x[0]**2 - 81x(x[1]+0.1)**2 + sin(x[2]) + 1.06
h = exx(-x[0]*x[1]) + 20xx[2] + (10*pi-3)/3
return np.array([f, g, hl)

x = np.array([0.7, 0.2, -0.31)

# uses default method = 'hybr'

solution = opt.root(non_linear_system, x)

print(solution.x)

[ 5.00000000e-01 -2.20236650e-14 -5.23598776e-01]
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Thermodynamics deals with energy and its transformations, a concept that
is implicit in the definition of the first and second law of thermodynam-
ics. This chapter introduces the four laws of thermodynamics, along with
some auxiliary functions. The laws lay the foundation for the derivation of
thermodynamic potentials used to solve problems of chemical equilibrium
(phase equilibrium). The chapter title is borrowed from an excellent science
divulgation book by Peter Atkins, Four Laws That Drive the Universe.

21. The Zeroth Law

The zeroth law of thermodynamics introduces the concept of temperature,
a property that allows us to anticipate whether there is thermal equilibrium
between two chemical systems. The equilibrium between chemical systems
in contact through a diathermic wall (one that allows heat exchange) can
be evaluated by monitoring temperature changes. Observable temperature
changes in the chemical systems indicate that they are not in thermal equi-
librium. This leads to the well-known statement of the zeroth law: "If A is
in thermal equilibrium with B, and B is in thermal equilibrium with C, C
will be in thermal equilibrium with A."

A closed system consisting of two bodies in thermal equilibrium has a
total energy (E7):

ET = E1 +E2 (21)
In terms of Eqg:
Ey=Ep - E, (9.9)

Thermal equilibrium means the system has a maximum value of entropy

(S7):
St = S1(Ey) +S9(Eg) (2.3)

dSr _ dSy _ dSy dEy
dE, ~ dE, ~ dEqdE,

(Note: entropy is explained in detail later in this chapter. For the moment

(2.4)

think of entropy as an extensive quantity related to the tendency of heat to
flow from a hotter to a colder body). From equation (2.2):

dEy
i 2.5)
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then:
dSr dS; dSy
= - = 2.
dE; dE; dEq 0 2.6)
dSy _ dSe
E_dEg 2.7)

Thermal equilibrium in the system leads to an equality of the derivative
of the entropy of a body with respect to its energy, and this is defined as a
property of the system that is reciprocal to temperature:

1_45 @2.8)
T dE

Strictly speaking, and following its statistical mechanics definition, entropy
is a dimensionless quantity. The absolute temperature then has dimen-
sions of energy (e.g., ergs). However, temperature is commonly expressed
in kelvin (K), and the conversion factor between ergs and kelvin is the Boltz-
mann constant (kg = 1.8806488x10723J /K). Since temperature is usually
expressed in K, the definition of entropy includes the factor kg:

S =~k ) P,logP, 2.9)
q

where P; is the probability of occupation of the gth state. From a micro-
scopic perspective, temperature is a property that depends on the relative
population of energy levels in a system at equilibrium (see, for example,
Angeli et al., 2018). As temperature rises, populations migrate from lower
to higher energy levels. At absolute zero, only the lowest state is occupied;
when the temperature approaches infinity, all states are equally populated.

According to the Boltzmann distribution (for its derivation, see Engel
and Reid, 2013, and Van Ness, 1983) the probability of a quantum state
(P;) with an energy E, is given by:

e_:BEil e_:BEll

S 7 (2.10)

by

where Z = ¥, ¢~ PEq is known as the partition function, and 8 = kBLT is a
constant. As can be seen in the Boltzmann distribution equation, P, de-
pends solely on E ; therefore, temperature has a statistical meaning, as it
depends on the relative population of energy levels given by P,.
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Worked example 2.1 £
The one-particle partition function (a single-particle state) is expressed as:
= =13 —(n-De
Z1=1+e*T +etT + .. +e *T
The N-particle partition function (independent-particle approximation) is given
by:
—(n—-1)e

Zny = (1+e*T +efsT +.. +e T )

Using these equations along with the Boltzmann distribution function, make a graph
of the relative population of the energy levels (available in a system) vs. tempera-
ture. Suppose number of energy levels = 4, number of particles = 500.

k_B = 1.3806488e-23 # J/K -- Boltzmann constant
e = 1.602176634e-19  # charge of a electron in J
epsilon = 0.012 # eV (energy difference between levels)
levels = np.arange(0,4,1)
particles = np.arange(100,600,100)
dt = 0.01; k =3
T = np.arange(1,1000+dt,dt)
p = np.zeros((len(T),len(levels)))
z = np.zeros((len(T),len(particles)))
for j in range(len(T)):
zt = 0 # value of the partition function
for i in range(len(levels)):
plj,i] = np.exp(-((i-1)*epsilon*e)/(k_B*xT[j1))
zt += p[j,i] # partition function for one particle
z[j,k] = ztx*particles[k] # total partition function f
plj,:1 =pl],:]1 / zt # probability
fig, ax = plt.subplots()
ax.plot(T,p)
ax.set_xlabel(r'Temperature (K)")
ax.set_ylabel(r'Probability")

1.0 1

0.8 1

Probability
o
o

I
IS

0.2

0.0

0 200 400 600 800 1000
Temperature (K)

Figure 2.1: Relative population of the energy levels vs temperature.
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2.2. The First Law

The simplest statement of the first law of thermodynamics is that "energy
is conserved." A better definition: “There is a function of state within a sys-
tem, called the internal energy, which depends only on the initial and final
thermodynamic state of the system.”

With the statement of energy conservation, the first law helps clarify the
meaning of the elusive concept of internal energy. First, energy is a function
of some measurable properties, and the internal energy is simply the total
energy of the system, the sum of the energies of all molecules and their
interactions. Second, and following the previous statement, internal energy
is a state function i.e., a property that only depends on the current state of
the system and is independent of how it got to that state. Third, systems,
regardless of how they are defined, have the capacity to do work (#), and
that capacity is related to the internal energy (U) of the system. In a simplified
way, any process driving a change in the state of a system can be described
with the equation:

W =U(final) — U (initial) (2.11)

However, careful observations also tell us that, during the process, temper-
ature differences between the system and the surroundings cause energy
transfer. This means the amount of work required to change the state is
higher than the simplified view represented in the equation above (which is
a special case, where systems change state without changes in energy due
to heat, this type of system is called an adiabatic system). The new variable
that takes into account the energy transfer across the system boundaries as
a result of temperature differences is called heat (Q).

The full definition of the internal energy of a system becomes "the differ-
ence between the available heat and the useful work done by the system." In
a closed and simple system (there is only mechanical work, Pd}") we have:

U=Q-W (2.12)
which in differential form is:
dU =dQ —dW (2.13)

Work is force times distance, in terms of pressure and volume:

dW:F‘dx(area):( F

area area

) (area -dx) =P -dV (2.14)
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Substituting this work expression into the equation (2.12), we have:

dU = dQ - PdV (2.15)

‘Worked example 2.2 £

Suppose you have 10.0 liters of an ideal gas in an adiabatically isolated closed sys-
tem, and the system is allowed to expand to a volume of 25.0 liters at a constant
pressure of 3 bar. Calculate the work involved in this process and the heat transfer
(Q) if conditions were isothermal (instead of adiabatic).
To find the solution, we will use the following equation:

Ve
W= —/ PdV = —P(Vy - 1)

"
Note that this is an irreversible work since expansion is done at constant P. In the
second part of the problem, temperature remains constant, therefore heat must flow
in the system:

AU=Q-W =0
P = 3 x 10xx5 # Pa
V1 = 10e-3 # m3
V2 = 25e-3 # m3
W = -P x(V2-V1) # -4.5 kJ
Q=W # -4.5 kJ

2.3. Molar Heat Capacity

It can be overseen from the zeroth law that temperature is related to the en-
ergy content of a system. The quantification of this relationship is achieved
by the introduction of a new thermodynamic variable, the molar heat capac-
ity symbolized by the letter C. In formal terminology, molar heat capacity
is the capacity of materials to absorb energy in the form of heat (Q). It is
defined as the amount of energy absorbed by 1 mole of a substance when
its temperature is raised by 1 °C:

Y
C=% (2.16)

The last equation is an incomplete definition of C because dQ depends
on how the change in temperature occurs. Therefore, this equation needs
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then a specification of the conditions under which heat transfer is occur-
ring. There are two conventional forms for defining C, the first is a constant
volume condition

dQ
Cr=|-—= 2.1
)
A constant-volume reversible process implies dU = dQ and the specific heat
at constant volume becomes:

du
Cr = (ﬁ)l/ (2.18)

The second convention to define C is using a constant pressure constraint:

d
oy = (42 (2.19)
dT | p
The derivation of the equivalent definition of C under a constant pressure
constraint in terms of a state variable is deferred until the introduction of a

new state variable.

2.4. The Second Law

The second law of thermodynamics provides a basis for understanding why
any change occurs at all and implies the existence of another thermody-
namic property: entropy (S). While the first law introduced the concept of
conservation of energy through transformations, but even with this frame-
work in mind, the second law states that energy cannot be transformed in
any way possible. This impossibility is related to entropy, which serves as
a measure of the quality of energy, and the second law governs the natural
increase in entropy. There are two equivalent statements of the second law:

e Kelvin’s statement: No cyclic process is possible in which heat is taken
from a hot source and completely converted to work.

 Clausius statement: Heat does not pass from a body with a low tem-
perature to a body with a high temperature without a change occur-
ring elsewhere.

A change in entropy is the ratio between the energy (in joules) transferred
as heat to or from a system and the temperature (in kelvin) at which it is
transferred, so its units are joules per kelvin (J/K). For the mathematical
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treatment of the second law, it is useful to use the following statement of
the second law: "the entropy of the universe increases in the course of any
spontaneous change." In thermodynamics, spontaneous processes are those
that do not have to be driven by some kind of work. The following expres-
sion of the second law, in terms of entropy, captures the Kelvin and Clausius
statements:

dQ
s > = 2.20
T (2.20)
For a reversible process, heat transfer is given by:
dQ =TdS (2.21)
then the first law equation becomes:

dU =TdS — PdV (2.22)

2.5. The Third Law

The third law of thermodynamics states that the entropy of a perfect crys-
talline structure that has only one state with minimum energy is zero at
zero kelvin. Note, however, that there is an impossibility of reaching abso-
lute zero and entropy at zero kelvin is obtained by extrapolation; this may
lead to positive values of entropy at zero kelvin which is known as residual
entropy. Some substances may have more than one ground state; then, its
residual entropy is determined by the number of different ground states.
The third law is used as a basis for calculating entropy at some temper-
ature T, by combining equations (2.19) and (2.21) and taking Ty = 0 K:

T T CP
/ ds = / or (2.23)
T, o T

This is called third law entropy. In this equation, Cp is a function of tem-
perature, the solution of the integral requires the knowledge of how heat
capacity Cp varies with temperature.

2.6. Thermodynamic Potentials

Entropy belongs to a group of related parameters (variables) that have the
property of showing the directionality of geochemical processes. These pa-
rameters are called thermodynamic potentials, with the capacity to effect
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change. In the case of entropy, directionality is related to the increase of
the parameter in spontaneous adiabatic processes. Because these param-
eters are related, if one of them is known, it is possible to derive the rest.
One method for deriving these parameters is using the Legendre transform,
using the definition of entropy as a starting point. This derivation is pos-
sible by application of Duhem’s Law or principle: the equilibrium state in
a system of fixed composition is determined by fixing two state variables at
most.

2.6.1. Legendre Transform

The Legendre transform is a mathematical technique by which a particu-
lar nonlinear function is represented as a function of its derivatives. In two
dimensions, the original function is represented as a collection of lines tan-
gent to the function (where the intercept of these lines with the y-axis is the
function defined as the Legendre transform).

Suppose you have a function Y (X), the Legendre transform, using par-
tial derivatives with respect to the variable X, is given by:

oY
Iy=Y - (ﬁ)x (2.24)

The Legendre transform for a function with more than one independent

variable, Y (X1, Xo, ..., X;), is given by:

)4
Ix, x,,... X, =Y—Z (6X~)Xi (2.25)

The Legendre transform can take any combination of the independent vari-
ables (partial Legendre transforms). The geometric significance of the Leg-
endre transform can be seen in the worked example 2.3, where the curve
y = 0.2522 in a two-dimensional space is expressed in terms of a family of
lines tangent to the curve.

In the following sections, enthalpy and the Gibbs free energy potentials
are presented as partial Legendre transforms of U. There is another com-
mon Legendre transforms of U, the Helmholtz Free Energy that will not be
discussed in this book. Additionally, an alternative set of Legendre trans-
forms start with the entropy function; these are know as Massieu functions
and they are particularly useful in irreversible thermodynamics.
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Worked example 2.3 £

Make a representation of the function y = 0.25x* using a Legendre transform and
plot a family of lines using the derived equation.

1. Find the derivative of the function:

dy
a—x = 051

2. Construct the Legendre transform:
Ix =y - (0.52) *x = 0.252% - 0.52% = —0.2522

3. Elimination of the x variable. Replace & with the slope of the lines tangent
to the curve:

m = 0.5z
x=2m
Ix = 0.25(2m)% = 0.5(2m) = (2m) = m? — Im? = —m?
4. Find equations for a family of lines tangent to the curve, y = ma + b, here
the intercept (b) is given by Iy (by definition):

y = mx — m?
5. Write Python code to do calculations. This part serves to introduce sym-
bolic calculations using the Python module sympy and a useful function
(sympy.lambdify()) to make a callable function from a symbolic function.

import sympy as sp
X, m = sp.symbols("x m") # Define variables as symbols:
y = (1/4)*x*%x2 # non-linear function
dy_dx = sp.diff(y, x) # m = slope = 0.5%x
fx = sp.lambdify(x, y) # transform symbolic function
# in a python callable function

I_x =y - x % dy_dx # Legendre transform = -0.25%x**x2
X_ = sp.solve(dy_dx - m, x, dict=True) # x in terms of m
I_m = I_x.subs(*x_) # Legendre transform in terms of m
I_c = sp.lambdify(m, I_m) # transform symbolic function

# in a python callable function
x_range = np.linspace(-10, 10, 1000) # range in x
fig, ax = plt.subplots()
# plot original function
ax.plot(x_range, fx(x_range), 'r', linewidth=2);
# plot a family of tangent lines
for i in range(7):
tl = lambda x: (i - 3)*x + I_c((i - 3))
ax.plot(x_range, tl(x_range), 'k--')
ax.set_ylim(-1, 20)
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Worked example 2.3 (cont.) (4
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Figure 2.2: Representation of the function y = 0.2522 with a family of tangent lines
using a Legendre transform.

2.7. Enthalpy

The enthalpy potential is the partial Legendre transform of of internal en-
ergy (U), where pressure (P) replaces volume (/) as an independent vari-

able:

aU
H=1I=U- (W)V (2.26)
H=U~-(-P)V (2.27)
H=U+PV (2.28)

Enthalpy (H) is defined as a system variable that measures the energy re-
leased as heat by a system free to expand or contract as a process occurs.
The term PV indicates the amount of work required to accommodate the
gases that are generated. In other words, this energy is not available to the
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surroundings in the form of heat. Differentiating equation (2.28), we get
the differential expression for enthalpy:

dH =TdS +VdP (2.29)

2.8. Heat Capacity at Constant Pressure

It is time to revisit the heat capacity at constant pressure defined in equation
(2.19). At constant pressure, equation (2.29) becomes dH = T'dS, and
from the second law dQ = T'dS, then:

(2.30)

dH
Cr= (W)P

2.9. Standard Enthalpy of Formation

The standard enthalpy of formation (AH})) can be calculated taking into
account the convention of assigning AH/? = 0 for pure elements in the stan-
dard state (gas, liquid, or solid). AH? is defined as the energy required to
form 1 mole of a substance from the elements in the standard state. For
example, the molar enthalpy of formation of quartz at 298 K and 0.1 MPa
is calculated from the energy released or required as heat in the following
reaction:

Simetat) + 02 (gas) < SiO0g AH]() =-910.648 J /mol (2.31)
This value of AH? is the molar enthalpy of formation of the substance
(quartz) at 298 K, 0.1 MPa. As we saw earlier, entropy has a more uni-
versal reference state: the entropy of any pure crystalline substance at 0 K is
zero. The standard data method is used to calculate AH? from AH/? values

of reactants and products:

0 _ 0 0
AHr B Z nAHf (products) — Z nAHf (reactants) (2.32)

210. Gibbs Free Energy

The Legendre transform of U that simultaneously replaces the entropy with
the temperature and the volume with the pressure as independent variables
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is the Gibbs potential or Gibbs free energy.

oU oU
G=1Isy=U- (ﬁ)s— (W)I/ (2.33)
G=U-TS+PV (2.34)

Using the definition of H above, the mathematical expression of this func-
tion becomes:

G=H-TS (2.35)

For a reversible, closed and simple system, this equation in differential form
is:

dG = -SdT +VdP (2.36)

The Gibbs free energy provides a measure of the chemical energy of a
system. Since chemical systems naturally tend toward states of minimum
Gibbs free energy, minimizing this parameter provides information on the
stability of systems. This makes Gibbs free energy the most useful thermo-
dynamic function in geology, as it is expressed in terms of temperature (T")
and pressure (P) as characteristic variables. A more detailed discussion of
G is presented in Chapter 4.

211. Behavior of Specific Heat Functions
(Molar Heat Capacity)

Molar heat capacity is defined as the amount of heat necessary to raise the
temperature by 1°C of a mole of a substance. Mathematically, this is ex-
pressed in equation (2.30); so, the specific heat is the rate of change of
enthalpy with temperature. Figure 2.3 shows experimental results of Cp
measurements for ferrosilite and illustrates two important points about the
behavior of this function. First, at low temperatures, a peak is observed that
represents a type of phase transition (known as lambda because of the shape
of the peak) within a mineral; in this case the lambda transition is caused by
a magnetic transition of Fe*?. Second, at high temperatures, it is observed
that the data follow a linear trend with a positive slope.

It should be noted that the main mechanism for heat absorption in solids
is lattice vibrations (it can also be absorbed by electronic and magnetic tran-
sitions). Einstein originally developed a model describing the relationship
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between Cy- and lattice vibrations. This model was later modified by Deb-
bie; the resulting equations allow us to calculate a theoretical limit of Cp at
high temperatures (Dulong- Petit limit): C;y — 3nR, where n is the total num-
ber of atoms in the solid molecule (in ferrosilite itis 3« 10+«R = 249.4 J /K).
The specific heat at constant volume (equation (2.18)) is related to the spe-
cific heat at constant pressure (equation (2.19)) by the equation:

Cp=Cp+a’VT (2.37)

The equivalent of the Dulong-Petit limit for Cp is:

Cp — 3nR +*«kV'T (2.38)
250 - __;_,,.{__7 _____
/ - Dulong-Petit limit
200 - /
o 150
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Figure 2.3: Molar heat capacity of ferrosilite showing a lambda transition and the Dulong-

Petit limit. Data from Cemic and Dachs (2006).

The complete evaluation of the integral form of the Gibbs free energy
equation—which accounts for enthalpy and entropy variations with tem-
perature (see Chapter 4)—requires that Cp (molar heat capacity at con-
stant pressure) be known as a function of temperature. The dependence
of heat capacity on T is usually expressed as a polynomial function. The
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Cp function expressed as a polynomial function is fitted with experimental
data from measurements of Cp in a calorimeter at different temperatures
(Figure 2.38). A well-known polynomial function used by the SUPCRT92
program is the Maier-Kelley function:

¢

= (2.39)

Cp =a+ bT +
Other widely used functions are those proposed by Berman and Brown
(1985):

Cp=ko+ki T + kgT ™2 + kgT 3 (2.40)
and by Robie et al. (1978):
Cp=a+kibT +cT 2 +dT~ 1% 4+ eT? (2.41)

Holland (1981) proposed the elimination of the term with 72 in the equa-
tion of Robie et al. (1978) to reproduce the behavior of the Cp curves at
high temperatures (a limiting straight line with a positive slope):

Cp=a+kibT +cT™2+dT~ 12 (2.42)

To improve the behavior of the Cp function, Holland (1981) included addi-
tional data points at high temperature, created with a reaction that produce
the endmember of interest with other endmembers of well-known heat ca-

pacity functions. This exploits the additive characteristic of heat capacity
(Helgeson et al., 1978).

Worked example 2.4 (4

Using the experimental data from Krupka et al. (1979) and Haselton and Westrum
(1980) for synthetic grossular find the parameters for the equations in the poly-
nomial C, functions of Maier-Kelley, Robie et al. (1978), and Holland (1981).
Improve the behavior of the C, function using the polynomial from Holland
(1981) including additional points at high temperature from a reaction that produce
grossular from wollastonite and corundum (Wollastonite + Corundum = Grossular).

1. Cp curves fitted to synthetic grossular data. Experimental data is recovered
from a saved NumPy array file (for creation of the grss.npz file see the code
listing appendix). The numpy.load function brings the data to the Python
session, the argument of the function is the name of the file with its relative
path to the working directory. The code here creates two arrays (" and Cp)
with data from both sources.
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Worked example 2.4 (Cont.) £

npzfile = np.load("data/grss.npz")

H2_T = npzfile['H2_T'], K_T = npzfile['K_T']
H2_Cp = npzfile['H2_Cp'], K_Cp = npzfile['K_Cp']
Grs_T = np.concatenate((H2_T, K_T))

Grs_Cp = np.concatenate((H2_Cp, K_Cp))

2. Define the polynomial functions. These are going to be used in a curve
fitting algorithm from SciPy optimization routines:

def Cp(T, a,b,c,d): #HP98

return a + b*T + c*T#x(-2) + d*xT**(-1/2)
def Cp_R(T, a,b,c,d,e): #Robie

return a + b*T + cxT#x(-2) + d*xT#x(-1/2) + exTx*(2)
def Cp_MK(T, a,b,c): #Maier-Kelley

return a + bxT + cxTx*x(-2)

3. Find the coeflicients of Cp polynomial functions using curve_fit from SciPy.
Figure 2.4 shows the shape of the curves fitted to the synthetic grossular
data. The determination of the coeflicients in these equations is done using
the least squares method.

from scipy.optimize import curve_fit

pars_MK, pcov = curve_fit(f=Cp_MK, xdata=Grs_T, ydata=Grs_Cp,
p0=[0, 0, 0], bounds=(-np.inf, np.inf))

a_MK, b_MK, c_MK = pars_MK[0:3]

pars_R, pcov = curve_fit(f=Cp_R, xdata=Grs_T, ydata=Grs_Cp,
p0=[0, 0, 0, 0, 0], bounds=(-np.inf, np.inf))

a_R, b_R, c_R, d_R, e_R = pars_R[0:5]

pars, pcov = curve_fit(f=Cp, xdata=Grs_T, ydata=Grs_Cp,
p0=[0, 0, 0, 0], bounds=(-np.inf, np.inf))

a, b, ¢, d = pars[0:4]

4. Calculate C, for wollastonite and corundum using known coefficients and
extrapolate values for grossular (Figure 2.5), add the extrapolated to the ex-
perimental values, and find the coeflicients of the polynomial function.

Grs_T_e = np.linspace(start=1000, stop=2000, num=20)

Wo_Cp = Cp(Grs_T_e, 0.1593, 0, -967.3, -1.0754)*1000

Cor_Cp = Cp(Grs_T_e, 0.1395, 5.89e-6, -2460.6, -0.5892)%1000

Grs_Cp_e = 3*Wo_Cp + Cor_Cp

Grs_T_HP = np.concatenate((Grs_T, Grs_T_e))

Grs_Cp_HP = np.concatenate((Grs_Cp, Grs_Cp_e))

pars, cov = curve_fit(f=Cp, xdata=Grs_T_HP, ydata=Grs_Cp_HP,
p0=[0, 0, 0, 0], bounds=(-np.inf, np.inf))

a2, b2, c2, d2 = pars[0:4]
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Worked example 2.4 (cont.) £

Cp synthetic grossular
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Figure 2.4: Molar heat capacity of grossular. Data from Haselton and Westrum
(1980), Krupka et al. (1979).
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Figure 2.5: Molar heat capacity of grossular. Same as in Figure 2.4 with extrapo-
lated data from 3Cpyo + Cpcor = Cpgr at high temperature.
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212. Thermodynamic Datasets

Thermodynamic data tables can be grouped into two broad categories: those
that list the phases individually and those that relate the properties of min-
erals (internally consistent). An example of the compilation approach is the
thermodynamic data tabulated by Robie and Hemingway (1995).

The derivation of internally consistent databases is performed using (i)
regression by the least squares method, (ii) mathematical programming
(linear, quadratic, and non-linear), and (iii) Bayesian techniques. All cases
involve adjustable and non-adjustable quantities when producing the in-
ternally consistent database. Enthalpy and entropy are commonly used as
adjustable parameters, while non-adjustable parameters include heat capac-
ity and molar volume. The regression method does not ensure consistency
with the primary data, but it provides uncertainty information. In contrast,
mathematical programming ensures consistency with the primary data, but
does not provide uncertainty information. For details and critical evaluation
of thermodynamic datasets, see Engi (1992) and Lanari and Duesterhoeft
(2019).

Examples of thermodynamic databases derived using regression by the
least squares method are presented in Powell and Holland (1985), Hol-
land and Powell (1985), Holland and Powell (1990), Holland and Powell
(1998), and Holland and Powell (2011). These studies used weighted least
squares regression on calorimetric, phase equilibria, and natural mineral
partitioning data to determine AH;) values for endmembers. To minimize
the effect of inconsistent brackets during minimization, they used compos-
ite data (Powell & Holland, 19938). Their latest dataset (Holland & Powell,
2011) uses univariant and divariant equilibria to simultaneously solve for
enthalpies and mixing properties of solid solutions.

The mathematical programming method is used in Berman et al. (1986)
and Berman (1988), they used phase equilibrium constraints combined
with volumetric and calorimetric data to obtain better estimates of the po-
sition of univariate reactions in P —7T" diagrams. The system of equations to
solve involve equalities and inequalities, and the problem consists of min-
imizing a function subject to a set of constraints. For details of the math-
ematical programming method, refer to Chatterjee (1991). The Bayesian
method is used in Chatterjee et al. (1998), the technique combines the
advantage of (i) and (ii), i.e., ability to handle inequalities and equalities in
energy differences of reactions, the elimination of inconsistent experiments,
and ability to get a variance-covariance matrix.
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213. A Dataset Reader

In this book, we are going to work with the dataset from Holland and Powell
(2011) (ds62). To set up calculations, the first step is to get thermodynamic
data into a container to use within Python code. To accomplish this, we
construct a dataset reader. To open the dataset text file, we use the Python
function open(), then, we use the readlines() function to get an array of text
lines from the file. To close the file automatically after getting the array with
text lines, we use the with statement:

with open("data/tc-ds62.txt") as dsFile:
dsContents = dsFile.readlines()

Note that in this example, the file tc-ds62.txt is located in a folder named
"data" within the current working directory of the Python session.

The dataset reader must consider the structure of the dataset, which is
based on blocks of thermodynamic data for endmembers (thermodynamic
data of Line 4 will be introduced in the following chapters):

Line 1: endmember name and composition.

Line 2: Enthalpy, entropy, and molar volume.

Line 3: Heat capacity coeflicients.

Line 4: EOS (terms in equations for solids, gases, aqueous solutions,
and melts) and Gibbs free energy of ordering (Landau/BW).

Also, at the end of the thermodynamic data for endmembers, the dataset
has a big covariance matrix with errors associated with enthalpy (this matrix
is not extracted in the example code).

Each line is processed to obtain the listed data using a for loop:

for line in dsContents:
dsLine = line.split()
dataArray = list(map(float, dsLine))

According to the structure, the reader will save the data in dictionaries.
For example, for the second line in each block it uses:

DS_em = DS_em | {'h':dataArray[0], 's':dataArray[1],
'v':dataArray[2]}
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The operator | merges existing dictionary contents with the new items.
All thermodynamic endmember data is stored temporarily in a dictionary
and converted to a Pandas DataFrame. The dataset can then be used within
Python for thermodynamic calculations, as shown in the following chapters.
This is the complete code listing:

import pandas as pd
elements = ["Si", "Ti", "Al", "Fe", "Mg", "Mn", "Ca", "Na", "K",
"o", "H", "C", "Cl", "02-", "Ni", "Zr", "S", "Cu",
"Cr"]
dsContents = []
with open("data/tc-ds62.txt") as dsFile:
dsContents = dsFile.readlines()
dsInfo = dsContents[0].split()
em_count = int(dsInfo[0])
DS = {3}
for i in range(3, em_count*4, 4):
dsLinel = dsContents[i].split()
dsLine2 = dsContents[i+1].split()
dsLine3 = dsContents[i+2].split()
dsLine4 = dsContents[i+3].split()
em = dsLinel.pop(0)
# Capitalize the first character
em = em[:1].upper() + em[1:]
comp = {}
totalElements = 0
for i in range(1, len(dsLinel1)-1, 2):
i_element = int(dsLinel[i])
content = float(dsLinel[i+1])
totalElements += content
comp[elements[i_element-1]] = content
DS_em = {"comp": comp}
#H, S, V
dataArray2 = list(map(float, dsLine2))
DS_em = DS_em | {'H':dataArray2[0],'S':dataArray2[1],
'V':dataArray2[2]}

# Cp
dataArray3 = list(map(float, dsLine3))
DS_em = DS_em | {'a':dataArray3[0], 'b':dataArray3[1],
'c':dataArray3[2], 'd':dataArray3[3]}
# EOS
dataArray4 = list(map(float, dsLine4))
DS_em = DS_em | {'alpha': dataArray4[0],
'kappa': dataArray4[1],
(continues on next page)
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(continued from previous page)
'kappa_p': dataArray4[2],
"kappa_pp': dataArray4[3]}
code = float(dataArray4[4])
DS_em['flag'] = int(code)
gases = ['CH4', 'H2', 'CO', 'H2S', 'S2', 'H20', 'C02']
if not(em in gases or code == -1):
DS_em[ 'theta']l = 10636.0 / (dataArray2[1] = \
1000/totalElements + 6.44)
match code:
case 1.0: # Landau ordering
tc, s_max, v_max = dataArray4[5:8]
landau = {'s_max': s_max, 'tc': tc, 'v_max': v_max}
DS_em[ 'ordering'] = landau
case 2.0: # Bragg & William ordering
h,v,wh,wv,n,fac = dataArray4[5:11]
BW = {'h': h, '"v': v, 'wh': wh, "wv': wv,
'fac': fac, 'n': n}
DS_em[ 'ordering'] = BW
case -1.0: # aqueous
DS_em['cpAq'] = float(dataArray4[5])
case value if value != 0.0: # melt
DS_em['flag'] = 5
DS_em['dK'] = value
DS[em] = DS_em
dataset = pd.DataFrame(DS)
dataset.set_index(dataset.columns[0]);

The following is an example of the data within the dataframe:

print(dataset[['Sill']]);

Sill
comp {'Al': 2.0, 'Si': 1.0, '0': 5.0}
-2585.79
0.0954
4.986
0.2802
-0.000007
-1375.7
-2.3994
alpha 0.000011
kappa 1640.0
kappa_p 5.06
(continues on next page)

o N0 T < n I
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(continued from previous page)

kappa_pp -0.0031

flag 2

theta 579.145113

ordering {'h': 4.75, 'v': 0.01, 'wh': 4.75, 'wv': 0.01,...

dK NaN

CpAQ NaN
Worked example 2.5 £

Use a simplified equation to calculate AGg at 5 kbar and 500 °C for the polymorphic
transformation Ky = And.

To calculate the change of Gibbs free energy in the reaction we will use the simpli-
fied equation AG; = AH7Q0 - TAS%0 +PalV.

1. Get properties (H, S, and /) from the dataset:

data = dataset[['Ky', 'And']].iloc[1:4]

2. Calculate deltas:

AH = data.And.H - data.Ky.H
AS = data.And.S - data.Ky.S
AV = data.And.V - data.Ky.V

3. Calculate AGg

AGr = AH - (500 + 273.15) = AS + 5 * AV # 0.8820199999997271

The result is a positive value, this means that at the pressure and temperature con-
ditions (5 kbar, 500 °C) G 4,4 is greater than Gg,,. Since natural systems tend to be
in the lowest energy state possible, kyanite should be the stable phase at the specified
conditions.

This finding can be generalized to any reaction by saying:

1. If AGg > 0 reactants are stable
2. If AGg = 0 reactants and products are stable
3. If AGg < 0 products are stable







Chapter

3

Compositional and
Reactive Spaces



f=c—p+2 f=c—p+2 f=c—p+2
—p+2 f=c—p+2 f=c—p+2 f[f=c¢
f=c—p+2 f=c—p+2 f=c—p+2
—p+2 f:(;—p+2 f=c—p+2 f=(
f=c—p+2 f=c—p+2 f=c—p+?2
—p+2 f=c—p+2 f=c—p+2 f[f=
f=c—p+2 f=c—p+2 f=c—p+2
—p+2 f=c—p+2 f=c—p+2 f=
f=c—p+2 f=c—p+2 f=c—p+2
—p+2 f=c—p+2 f=c—p+2 f=
f=c—p+2 f=c—p+2 f=c—p+2
—-p+2 f=c—p+2 f=c—p+2 f=
f=c—p+2 f=c—p+2 f=c—p+2
—-p+2 f=c—p+2 f=c—p+2 f[f=
f=c—p+2 f=c—p+2 f=c—p+2
—p+2 f=c—p+2 f=c—p+2 [ =
f=c—p+2 f=c—p+2 f=c—p+2
—p+2 f=c—p+2 f=c—p+2 [ =
f=c—p+2 f=c—p+2 f=c—p+2
—p+2 f=c—p+2 f=c—p+2 [f=
f=c—p+2 f=c—p+2 f=c—p+2
—p+2 f=c—p+2 f=c—p+2 f=
f=c—p+2 f=c—p+2 f=c—p+2
—p+2 f=c—p+2 f=c—p+2 f=



Compositional and Reactive Spaces s« 65

31. Compositional Space

3.1.2. Definition of Components

A chemical component is defined by its chemical formula, where the co-
efficients do not necessarily have to be rational or positive. However, the
units must be related to conservative properties: (e.g., number of atoms or
moles). Volume, example, is useless because it depends on other variables
(e.g., Pand T).

In general, the number of components considered are ¢ linearly inde-
pendent components, i.e., none of the components can be expressed by
linear combinations of other components. A system with ¢ components can
be represented in a space with ¢ — 1 dimensions:

» 2 components - linear space (one dimension).
» 3 components - two-dimensional space.
e 4 components - three-dimensional space.

The compositional space is defined as the space whose axes are the com-
ponents. Take as an example a three-component system that can be repre-
sented in two-dimensional space. It is common practice to use equilateral
triangles to represent the compositions of the species or phases present in
such systems (Figure 3.1). Note that the region with positive values is lo-
cated inside the triangle and regions outside have negative values for at least
one of the components.

3.1.2. Components of a Phase

For an analysis of the compositional space, there are two important con-
cepts to consider: (i) the number of components in which a homogeneous
substance can be separated (known as endmembers) and (ii) the number
of components that can vary independently. Quartz, for example, has only
one endmember, meaning its composition is fixed. Plagioclase can be sepa-
rated into two endmembers (i) albite and (ii) anorthite, there are plagioclase
phases whose composition lie between the two extremes, but these are not
considered as components. In plagioclase, however, only one component is
independent.
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(+-+) (++-)

(-+) (++) )

Figure 3.1: Equilateral triangle used to represent a three dimensional compositional space.
Signs are in the order (a,b,c).

31.3. Component Transformations

To transform the description of a system from one set of components to
another, we must write equations that express the content of the new com-
ponents (N) in terms of the old ones (O):

0=ATN 3.1)

where A is the matrix with the coeflicients of the equations that relate new
and old components. The system of equations can then be solved using
linear programming techniques (this is a linear transformation, as seen in
Chapter 1):

N=AH1o (3.2)

For this equation to work, the determinant of matrix A must be different
from zero. When the new components have not been properly selected,
the determinant can be zero, and the matrix is not invertible (there are some
components that depend linearly on the others).
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31.4. Applications

3.1.4.1. Calculations of Components (Endmembers) of a Mineral
Phase

This transformation corresponds to a mapping from moles of oxides (a set
of old components) to endmember proportions (the new set of compo-
nents).

31.4.2. Calculation of Normative Rock Compositions

Calculations are analogous to calculations of endmember proportions; the
difference is that the new components are not linearly independent.

31.4.3. Balancing Chemical Reactions

Given the composition of m minerals in a system with n components, how
can these minerals be combined to form a new one? This is exactly the same
problem discussed above—that is, what is the transformation that gives us
the proportions of the minerals in the new coordinate system?

34.4.4. Projections

Projections are one of the most important applications in phase equilibria
studies. They consist of reducing the number of components in a system
to get a simplified representation (with loss of information). The procedure
is effectively the projection or transformation of a compositional space into
subcompositional spaces with fewer dimensions; therefore, it is a transfor-
mation of components. For triangular projections, the transformation ma-
trix is constructed with the first three columns representing the vertices of
the triangle, and the last ¢ — 8 columns representing the projecting points,
with the rows corresponding to the old components.
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Worked example 3.1 (4

Transform the analysis of a pyroxene in wt% (SiO9 = 57.1, FeO = 6.5, MgO =
85.2, CaO = 1.0) into components as endmembers enstatite (M g9SigOg), fer-
rosilite (FegSi9Og), and diopside (CaM gSigOg). Note that there is a pyroxene com-
position (CaFeSig0Og) lying withing the compositional space of the three selected
endmembers.

We have four old and three new components, but the stoichiometry of pyroxene
places a new restriction (it dictates that the number of cations must be four or that
the sum of the new components must be 1). Ignoring Si0y (all endmembers have
the same content for this old component) results in a square compositional matrix.
The mapping of old to new components is used to construct the transformation
matrix A:

» Enstatite - En =2 * Mg+ 0 *Fe+ 0 * Ca
e Ferrosilite - Fs =0 * Mg+ 2 *Fe + 0 * Ca
» Diopside -Di=1*Mg+0*Fe+1*Ca

The code below starts by converting the analysis to molar proportions, then defines
the compositional matrix A, and uses equation (3.2) to get endmember proportions:

import numpy as np

# Molecular weights of oxides
FeO_fw = 71.8464

MgO_fw = 40.3044

CaO_fw = 56.0794

# Conversion to molar proportions

MgO_m = 35.2/Mg0_fw
FeO_m = 6.5/FeO_fw
CaO_m = 1.0/Ca0_fw
molar = np.array([MgO_m, FeO_m, CaO_m])

molar = molar / np.linalg.norm(molar, 1) # normalized to 1
# En Fs Di
At = np.array([[2, 0, 1], # Mg

[0, 2, 0], # Fe

[0, 0, 111) # Ca
em = np.dot(np.linalg.inv(At), molar.T)

# En Fs Di

em = em/np.linalg.norm(em, 1) # [0.87 0.09 0.04]
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Worked example 3.2 £

Transform the analysis of a pyroxene (Si09 = 49.17, MgO = 8.98, FeO = 11.76,
CaO = 11.48, AlyOg = 15.09, NagO = 3.52) into components as endmem-
bers enstatite (MggSigOg), ferrosilite (FegSigOg), diopside (CaM gSigOg), Ca-
tschermakite (CaAlALSiOg), and jadeite (N aAlSigOg).

This example involves calculating the number of atoms for a specified number of
oxygens in the structural formula of a mineral (apfu). This step is necessary to deter-
mine how much aluminum is allocated in tetrahedral (I') and octahedral (M) sites
in pyroxene: AIT =2 - Si (all Si goes to T) and AIM = Al - AIT .

(i) Divide oxides weight percent by oxides formula weight to get molar proportions
(unnormalized).

(ii) Sum all molar proportion multiplied by the number of oxygens in the oxide.
(i) Calculate an oxygen factor by dividing number of oxygens in the structural
formula with the result of (ii).

(iv) To get apfu, each molar proportion is multiplied by the oxygen factor and by the
number of cations in the oxide. The mapping of old to new components considers
only AIM and ignores Si:

e Enstatite-En=2*Mg+0*Fe+0*Ca+0*Al_6+0*Na

e Ferrosilite - Fs=0*Mg+2*Fe+0*Ca+0*Al_6+0%*Na

e Diopside-Di=1*Mg+0*Fe+1*Ca+0*Al_6+0*Na

e Ca-tschermakite - Ct=0*Mg+0*Fe+1*Ca+1*Al_6+0*Na
o Jadeite-Jd=0*Mg+0*Fe+0*Ca+1*Al_6+1%*Na

import numpy as np

# Si02 MgO FeO Ca0 A1203 Na20
px_anal = np.array([49.17, 8.98, 11.76, 11.48, 15.09, 3.521)
fw = np.array([ 60.08, 40.3, 71.85, 56.08, 101.96, 61.981)

no = np.array([ 2, 1, 1, 1, 3, 11
nc = np.array([ 1, 1, 1, 1, 2, 21
molar = px_anal / fw # molar proportions (unormalized)

sum = np.dot(no,molar) # » mol prop. * oxygens in oxide
fo = 6/sum # 2.199 # oxygen factor

Si, Mg, Fe, Ca, AL, Na = molar * nc * fo # apfu

AWM = AL - (2 - Si)

struct_cat = np.array([Mg, Fe, Ca, AIM, Nal)

# En Fs Di Ct Jd
At = np.array([[2, 0, 1, 0, 0], # Mg
[o, 0, 0], # Fe

2, 0,

[0, o, 1, 1, 01, # Ca
[0, 0, 0, 1, 11, # AL_VI
[0, 0, 0, 0, 111) # Na

em = np.dot(np.linalg.inv(At), struct_cat.T)
# [En Fs Di Ct Jd]
em = em/np.linalg.norm(em, 1) # [0.12 0.18 0.25 0.2 0.25]
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Worked example 3.3 (4

Convert back the result from the last calculation to oxide weight percent.

The transformation matrix must include all components (including Si and Al =
AM + 4IT). The result is obtained by using the dot product of the transformation
matrix and the endmember proportions from the last worked example and then
multiplying this with the formula weight of the corresponding oxides:

import numpy as np

# Si02 MgO FeO Ca0 Al203 Na20

A = np.array([[2, 2, 0, 0, 0, 0], # En
f2, o, 2, 0, O, 0], # Fs
[2, 1, 0, 1, O, 0], # Di
1, o, O, 1, 1, 0], # Ct
f2, o, o0, 0, 0.5, 0.5]11) # Jd

oximol = np.dot(A.T, em.T)
oxiwt = oximol * fw
oxiwt = oxiwt/np.linalg.norm(oxiwt, 1)*100

Worked example 3.4 £

Calculate and plot the projection of anorthite (CaAdlySigOg), zoisite
(CagAlgSig019(OH)), grossular (CagAlgSigO;19), and the rock composition
(molar percent): Si09 = 76.761, AlgOg = 16.772, K90 = 2.509, CaO = 2.086,
NagO = 1.871 into the ACN triangular plane. The projection is made from quartz
(to eliminate Si0g), H9O, and pure muscovite (to eliminate K9O).

The first three columns of the transformation matrix are for Al9Og, CaO and N agO
(vertices of the triangle), and the last three columns for muscovite, quartz, and water
(projecting points). The projection coordinates are given by equation (8.2); note
that new components are located in the first three rows of the resulting matrix after
applying equation (3.2).

There are various options to construct triangular plots in Python/Jupyter; here, we
will use the Plotly module. For this, we use the scatter ternary option to construct a
trace which includes circles (as markers) and text.

import numpy as np
At = np.array(L[O, 0, O, 3, 1, 01, # Si02

1, o0, 0, 1.5, 0, 01, # AL203
[o, o0, 0, 0.5, 0, 01, # K20
o, o, o, 1,0, 11, # H20
o, 1, 0, 0,0, 0], # Ca0
o, 0, 1, 0,0, 011)# Na20
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Worked example 3.4 (Cont.)

71

At_inv = np.linalg.inv(At) # inverse transformation matrix
# compositions in full system - last line is rock
X = np.array([[2, 1, 0, 0, 1, 01, # An

[3, 1.5, 0, 0.5, 2, 01, # Zo

(3, 1,0, 0, 3, 01, # Grss

[76.761, 16.772, 2.509, 0.000, 2.086, 1.87111)
X_p = np.dot(At_inv, X.T)[:3,:]

X_p = X_p / X_p.sum(axis=0) # normalized to 1
a = X_p[0]; ¢ = X_p[1]; n = X_p[2] # ACN coordinates
#oommmm e Triangular Diagram

import plotly.graph_objects as go
fig = go.Figure(go.Scatterternary({ 'mode':'markers+text',
'a': a, 'b': ¢, 'c': n, '"marker':{ 'symbol':100,
'color':['red', 'green', 'blue', 'magenta'],
'size':10, 'line':{'width':2, 'color':'white'}},
"text':['an', 'zo', 'grss', 'rock'],
"textposition': 'bottom right',
'cliponaxis': False}))
fig.update_layout({'ternary':{ 'sum':1, 'aaxis':{'title':'A'},
'baxis':{'title':'C'},
"caxis':{'title':'N'}},
"height': 500 3})
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Figure 3.2: ACN projection. Projection from Ms, Qz and H9O in the NCKASH

system.
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3.2. Reactive Space

3.21. Geometric Analysis

This is a prelude to phase equilibrium, the objective of this section is to
understand the geometric analysis of univariant reactions around invariant
points. For this analysis, it is important to introduce the phase rule. The
phase rule relates the number of components of a system (¢) and the number
of phases present (p) (under specific conditions) with the variance of the
system (f). Mathematically, it is expressed as:

f=c—p+2 (3.3)

The number 2 to the right of the equation represents the variables pres-
sure and temperature. When a system of ¢ components is analyzed, we can
manipulate this equation to know the number of phases that participate in
invariant points (f = 0) and in univariant reactions (f = 1):

p=c+2 — phasesatinvariant points 3.4)

p=c+1 —  phasesinunivariant reactions (3.5)

For example, in a three-component system, there are five phases participat-
ing around an invariant point; emanating from this invariant point, there are
reactions that involve four phases.

3.2.2. Number of Invariant Points and Univariant
Reactions

Korzhinskii (1959) introduced the term multisystem to refer to chemical
systems with more phases than can coexist in mutual equilibrium. The
study of multisystem grids is carried out through the theory of groups and
combinatorics to identify all possible elements in phase diagrams. For ex-
ample, in pressure-temperature diagrams, univariant reaction lines (f = 1)
intersect at invariant points (f = 0) and separate divariant fields (/' = 2).
Each invariant point is surrounded by ¢ + 2 univariant (non-degenerate) re-
actions.

A combinatorial formula allows us to identify the number of topological
elements in the diagram considering the phase rule. This is a formula in
which the number of possible combinations in a set can be calculated by
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taking parts of the set. In a set with X elements, the number of groupings
with Y elements (Y < X) is given by:

X!

N=— 2"
YI(X —Y)!

(3.6)
For example, in a system where X different phases can be found (p,), the
number of invariant points is determined by applying the combinatorial
formula with this number of total phases and with the number of phases
that intervene in the invariant points Y = p;), a value derived from the
phase rule:

P!
Pil(pr = pi)!

Invariants = 3.7)
The invariant points represent the intersection of r; reactions involving p,
phases. The value of r;, the univariant reactions surrounding an invariant
point, is again given by the combinatorial formula:

pi!

= ol —po)! ©-5)

Ti
The total number of possible reactions (r;) in the system is given by the
combinatorial formula taking the total phases (X = p;) and the phases in-
volved in the univariants (Y = p,):

P4

= ol —po)! ©9)

Ty
However, the minimum number of independent reactions (r,,;,) in a chem-
ical system is smaller and is equal to:

Tmin =P —¢C (3.10)

The argument for the derivation of this relationship is that each indepen-
dent endmember has a one-to-one correspondence with one of the phases
of the system. All remaining phases have compositions that can be ex-
pressed in terms of the selected independent endmembers (or correspond-
ing phases).
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Worked example 3.5 £

For a system with ¢ = 3 and p = 6, determine the number of invariant points, num-
ber of reactions around each invariant, the number of phases involved in invariants
and reactions, and the total number of possible reactions.

from math import factorial

c =3 # Components

pt = 6 # Phases

pi =c - 0 + 2 # Invariant points have 5 phases

pu=c - 1 + 2 # Univariant reactions have 4 phases

invariants = factorial(pt)/(factorial(pi)*factorial(pt-pi)) # 6
ri = factorial(pi) / (factorial(pu)*factorial(pi-pu)) # 5

rt = factorial(pt) / (factorial(pu)*factorial(pt-pu)) # 15

3.2.3. Number of Components

The selection of components to describe a system may be straightforward
for simple systems, but in most cases, it is not. In simple cases, the num-
ber of components can be derived by simple observation and applying the
relation ¢ = N — r, where N is the number of species and r the number
of independent reactions that can be written between species. Two sim-
ple rules must be checked when selecting components for a system: (i) the
selected set of components must be sufficient to describe the system com-
position and (ii) components must be independent. Consider a system with
CaCOg(s), CO9(g), and CaO(s). The following reaction occurs at moder-
ate temperatures:

CaCOg3(s) = COg(g) + CaO(s) (8.11)

By simple inspection, we can find that N = 3 (three phases) and r = 1 (one
reaction); therefore, the number of components in this system is ¢ = 2 (a
binary system). At higher temperatures, a second reaction is possible:

CaO(s) = Ca(s) +1/209(g) (8.12)

Under this new conditions, the system has one more solid phase and another
gas that enters the already present gas phase, thenc =N -r=5-2=38(
ternary system).

In a more general case, to determine the number of components it is
necessary to construct a matrix (A) with rows representing composition of
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the possible phases of the system in terms of all possible (identified) com-
ponents. In some cases, the number of identified components equals the
number of components (¢), but in most cases, this will not be the case. The
rank of the matrix A will indicate the number of components needed to
describe the system.

3.2.4. Combinatorics of the Phases and Possible
Reactions

The combinatorial formula provides groupings of phases that can constitute
stoichiometrically valid reactions. The possible resulting reactions fall into
three categories:

1. Polymorphic transformations.

2. Degenerate reactions (number of components less than the system
components). These reactions have one less phase (in a ternary sys-
tem, they fall along a line).

3. Reactions in the complete system.

Worked example 3.6 £

Determine the number of components in the KAS system with the phases kyanite,
corundum, quartz, kalsilite, leucite, and microcline.

The compositional matrix for this system is:

Phase ~ Symbol  Formula| [SiOg AlyO3 KyO]
Kyanite Ky AlySiO; 1 1 0
Corundum Cor AlyOg 0 1 0
Quartz Q= S$i09 = 1 0 0
Kalsilite Kls KALISiOy4 1 0.5 0.5
Leucite Leu  KALSigOg 2 0.5 0.5
|Microcline  Mic — KALlSigOg| | 3 0.5 0.5 |
# Si02 Al1203 K20
A = np.array([[1, 1, 01, # Ky

[o, 1, 01, # Cor

(b, o, 01, #Qz

[1, 0.5, 0.5]1, # Kls

[2, 0.5, 0.5]1, # Leu

[3, 0.5, 0.5]11)# Mic
np.linalg.matrix_rank(A) # components = 3

(e]
1l
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3.2.5. Calculation of Independent Reactions

The independent reactions can be calculated using linear algebra. For this,
we formulate a relation of the form:

A-x=b (8.13)

Where A is the compositional matrix, x is a vector with the components of
the system, and b is the vector with the phases considered in the system.
The independent reactions correspond to the last 7 rows of the matrix that
provide the solution to the proposed equation. The algorithm consists of
performing an LU decomposition of matrix A:

A-x=b (3.14)

LU-x=b (8.15)

In the matrix U, the last 7 rows will have zero in all their elements. Taking
the matrix L to the right:

U-x=L"1 (3.16)

we obtain a matrix where the last r rows represent a set of independent
reactions of the system.

Note that the LU decomposition needs to be applied to a square matrix
A in order to make the resulting matrix L invertible. This is achieved by
adding columns of zeros to the right of the matrix when the number of
identified components is less than the number of phases.

3.2.6. Derivation of All Possible Reactions

To calculate all possible reactions, it is necessary to build compositional
matrices for groups containing the maximum number of phases involved
in univariant reactions (four phases). This was derived above for a three-
component system with six phases. The list of reactions is obtained by ap-
plying the algorithm for independent reactions to each of the groupings.
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Worked example 3.7 £

Find all possible combinations of phases in the K4S system. Also, determine the
independent reactions using the compositional matrix A and the number of com-
ponents (¢) from worked example 3.6.

1. Combinatorics of phases. The approach followed here uses nested for loops.
Note that Python has built-in functions to deal with this type of problems (this
will be used in worked example 3.8).

from sympy import Matrix, symbols
Ky, Cor, Qz, Kls, Leu, Mic = symbols('Ky, Cor, Qz,

Kls, Leu, Mic')
phases = Matrix([Ky, Cor, Qz, Kls, Leu, Mic])
phases_comb = list()
count = 0
for i in range(0, len(phases)-3):

for j in range(i+1, len(phases)-2):
for k in range(j+1, len(phases)-1):
for U in range(k+1, len(phases)):
phases_comb. append([phases[i], phases[j],
phases[k],phases[1]1])
print("Possible groupings (", len(phases_comb), "):")
Matrix(phases_comb)

There are fifteen groupings of four phases, from these groups the reactions in the
system can be derived. However, many of these combinations will produce the
same reaction. For example, a simple inspection of the first two groupings:

* [Ky, Cor, Qz, Kls]
* [Ky, Cor, Qz, Leu]

reveals that kalsilite and leucite cannot be involved in any reaction with the other
three phases in the corresponding group, i.e., the same reaction: Ky = Cor + Qz is
deduced from these two groups.

2. Independent reactions.

import numpy as np

from scipy.linalg import lu

# add three columns of zeros to the right
A = np.pad(A, ((0, 0), (0, 3)))

1, u = lu(A, permute_l = True)

# last 6-c rows = independent reactions
r = Matrix(np.linalg.inv(l)[c:,:]1)*phases

This produces:
e Q2+ 0.5Kls =0.5Mic
e Leu=0.5Kls+0.5Mic
e Ky+0.5Kls = Cor +0.5Mic
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Worked example 3.8 (4
Wirite a script to find all possible reactions in the K4S system.

The approach we will follow here for the combinatorics uses the itertools module of
Pyithon. The rest of the script is similar to worked example 3.7.

import numpy as np
from scipy.linalg import lu
from sympy import Matrix, symbols
import itertools
Ky, Cor, Qz, Kls, Leu, Mic = symbols('Ky, Cor, Qz,
Kls, Leu, Mic')
phases = Matrix([Ky, Cor, Qz, Kls, Leu, Mic])
A = np.array([[1, 1, 01, # Ky
[o, 1, 01, # Cor
[1, o, 01, #Qz
[1, 0.5, 0.5], # Kls
[2, 0.5, 0.5], # Leu
[3, 0.5, 0.5]11)# Mic
for i in itertools.combinations(range(6), 4):
Ai = Alnp.ix_(i, [0,1,2D])]
Ai = np.pad(Ai, ((0, 0), (0, 1))
¢ = np.linalg.matrix_rank(Ai)
if ¢ < 6:
1, u = lu(Ai, permute_l = True)
phases_i = phases[i,:]
ri = Matrix(np.linalg.inv(l)[c:,:])*phases_i
print(ri)

The above code will produce 16 reactions from 15 groups, but many of them are
not unique. There are only 8 unique stoichiometrically possible reactions in this
system:

e Kls+Qz=Leu

e 0.5 Kls+Qz=0.5 Mic

e Leu+Qz = Mic

¢ 0.5 Kls+0.5 Mic=Leu

e Kis+Ky=Cor +leu

e 0.5 Kls+ky=Cor+0.5 Mic
e Ky+ Leu=Mic+ Cor

e Cor+Qz=Ky
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3.2.7. Schreinemakers

Schreinemakers’s analysis (F.A.H. Schreinemakers) is used to determine
the relative stability of univariant reactions in phase diagrams. This anal-
ysis is important because, when constructing a phase diagram, the stability
of reaction curves in the diagram is generally unknown. In reaction curves
emanating from an invariant point, there is one less phase than in the in-
variant. The curves are then labeled with the phase (written between square
brackets) that is absent in the reaction. This notation is used in the diagram
of Figure 3.3, which corresponds to what is commonly known as the triple
point of the 435705 system (a one-component system with three phases).

10 1 [And]
4
//
,/
//
8 A 7
5
o]
X 61
L
3
w0
w0
£
4 -
2 .
[Kyl

200 300 400 500 600 700 800 900 1000
Temperature (°C)

Figure 3.3: Al9SiO; triple point. Individual reactions are labelled with the absent phase in
the reaction.

3.2.71. The First Two Schreinemakers Rules

The first is the metastable extension rule, which states that the metastable
extension of a reaction falls within a region where the missing phase is pro-
duced by reactions limiting the region. In the AloSi0j; triple point diagram,
we see that the metastable extensions of reactions [And], [Sil], and [Ky]
are found in the regions where And, Sil, and Ky are produced, respectively.
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The second rule is the 180° rule, and establishes that divariant associations
can only be stable in regions limited by curves that form angles of less than
or equal to 180° at the intersections.

These rules are better understood with examples. Figure 3.4 is an ex-
ample of a P —T sketch of the topology of a binary system with four phases.
This diagram has the following characteristics:

e The four mineral phases occur at an invariant point.

e Four univariant curves radiate from the invariant point, each of them
is characterized by the absence of one of the phases that occurs in the
invariant.

e The univariant lines divide the diagram into four divariant fields, each
defined by having an association that only occurs in that field.

¢ Divariant fields have from zero to two metastable extensions of the
univariant reaction lines.

In the field with the assemblage 4 + D, the angle between reactions [B]
and [C] can only be increased up to the metastable extension of reaction
[C]. Consequently, this angle is always less than or equal to 180°. The
same applies for reactions that limit the other fields.

Stable univariant

Metastable extensions

Reacting
assemblage

Figure 3.4: Schreinemakers analysis in a binary system.

Figure 3.5 is an example of a P — T diagram for a ternary system with
five phases. This example corresponds to the AFM system, which results
from projecting the KFMASH system from H9O, muscovite, and quartz.
In this diagram, the five phases coexist at an invariant point, from which
five univariant reactions radiate. This diagram is also characterized by di-
variant fields with zero to two metastable extensions. The diagram of Figure
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3.5 was calculated with version 3.4 of thermocalc (Powell et al., 1998) and
with the database ds62 (Holland & Powell, 2011). The resulting reactions
(unbalanced) are:

[Ky]l: Grt + Ms + Chl = Bt + St + Qtz + H20
[Grt]: St + Ms + Chl = Bt + Ky + Qtz + H20
[Chl]: St + Ms + Qtz = Grt + Bt + Ky + H20
[St]: Grt + Ms + Chl = Bt + Ky + Qtz + H20
[Bt]: St + Qtz = Grt + Chl + Ky + H20

In Figure 3.5, only the compatibility diagram between reactions [Ky]
and [Bt] was calculated (at 600 °C and 10 kbar). The other triangular di-
agrams were not calculated and are only schematic representations of the
equilibrium that occurs in the divariant fields when crossing the reaction
lines. Note that the [Chl] and [Bt] reactions are different from those pre-
sented in the KFMASH grid of Wei and Powell (2003) and Wei et al.
(2004), where the reactions are of the form:

[Chl]: St + Bt = Grt + Ky
[Bt]l: St + Chl = Grt + Ky
“ +H20 +Ms +Qz [St]
. 3k
5 e 8
a 16
4 A
~ [Bt |
L. W/
= Al
0
n
g
a ” LA
* c{;g\
[Ky]/ [Grt] ¥ [ChI]

Temperature (°C)

Figure 8.5: Example of a region in a P — T grid with triangular compatibility diagrams in
the AFM system projected from the KFMASH.
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3.2.7.2. How to Orient the Diagram

Schreinemakers analysis helps to determine the relative stability; however, it

tells us nothing about the orientation of the diagram in pressure-temperature

(P -

T') space. To properly draw the reaction grid, several complementary

techniques can be used (depending on the information available):

Naturally observed equilibria: natural occurrences of phases might be
restricted to high or low pressures (or temperatures).

Experimental data that provide information on the position of invari-
ant points and univariant reaction lines in P — T space.

Thermodynamic databases that allow to determine the slope of the
reaction lines in P — T space (Clapeyron’s equation).

In reactions that release HgO (or COg), the fluid must be on the high
-temperature side of the reaction. Generally, dehydration reactions
have high positive slopes in P — T space.

In solid-solid reactions, the densest phases (lower molar volume) oc-
cur on the high-pressure side of the reaction.

3.2.7.3. The KAS System as an Example of Schreinemakers

Analysis

We have previously determined that in the KAS system, there are six possi-
ble invariant points ([K[s], [Cor], [Ky], [Leu], [Mic], and [Qz]) and eight

stoichiometrically possible univariant reactions:

Kls + Qz = Leu [Ky, Cor, Mic]
0.5 Kls + Qz = 0.5 Mic [Ky, Cor, Leul
Leu + Qz = Mic [Ky, Cor, Kls]
0.5 Kls + 0.5 Mic = Leu [Ky, Cor, Qz]
Kls + Ky = Cor + leu [Mic, Qz]

0.5 Kls + ky = Cor + 0.5 mic [Leu, Qz]

Ky + Leu = Mic + Cor [Kls, 0Qz]

Cor + Qz = Ky [Kls, Leu, Mic]

Figure 3.6 is a triangular compatibility diagram with the six phases con-

sidered in the system, phases are joined by compatibility lines. The goal is

to construct a diagram with all possible univariant reactions for this system

and draw compatibility diagrams in the divariant regions of the diagram.
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P — T petrogenetic grids and compatibility diagrams are further explained
in chapter six.

Si02
(]
Qz

AI203 K20

Figure 8.6: Triangular KAS compatibility diagram with kyanite, corundum, quartz, kalsilite,
leucite, and microcline.

3.2.731 Graphical Derivation of Reactions. In compatibility diagrams,
there are three possibilities for reaction topologies (Figure 3.7):

» Four phases in a quadrilateral with crossing tie lines joining the cor-
ners of the quadrilateral, reactions would be in the form e +b = ¢ +d.

e Three phases in a degenerate system, all phases lie along a line, reac-
tions are in the form a +b = c.

e Three phases forming a triangle and a fourth phase in the center, tie
lines join the center phase with phases in the corners of the triangle.
Reactions are in the form a = b + ¢ +d.

The previously determined reactions in this system can also be derived
by applying the topologic analysis to Figure 3.6. For example, on the left
edge of the triangle, the tie line between Cor and Qz can be used to derive
the reaction Cor + Qz = Ky; a second degenerate system is the tie line
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between Kls and Qz; along this line, four reactions can be derived. There
are also three quadrilaterals, each one representing a reaction in the system.

d
b d
a
b C
C
a C b
[ 2  J

Figure 3.7: Expected topologies in triangular compatibility diagrams. The quadrilateral and
the triangle are full-system reactions, and the line represents a degenerate system reaction.
In the full-system topologies, compatibility (red lines) can be used to derive the reactions.

32732 Grid Construction. The following analysis starts with invariant
points in subsystems (which correspond to reactions in the complete sys-
tem). When there are degenerate reactions, the number of reactions around
the invariant will be less than the number calculated with the combinatorial
formula.

e Invariant point 1 [Ky, Cor] (subsystem)

In the listed reactions above, whenever Ky is absent, so is Cor, the in-
variants [Cor] and [Ky] then correspond to the same point. Four reactions
emanate from this point. Since this is a degenerate subsystem (fewer than
the maximum possible number of phases are present), these reactions are
going to remain stable when they cross other invariants (see below).

The reactions around the invariant point are:
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Kls + Qz = Leu [Mic]
0.5 Kls + Qz = 0.5 Mic [Leul]
Leu + Qz = Mic [Kls]
0.5 Kls + 0.5 Mic = Leu [0Qz]

Figure 3.8 shows a schematic, non-oriented diagram with the interpreta-
tion of stable and metastable extensions, interpreted according to the metastable
extension rule. This diagram is derived as follows. First, choose a starting
reaction and decide on which side of the reaction curve are going to be re-
actants and products, then draw compatibility diagrams accordingly. The
choice does not matter at this point, but it is possible to get a mirror image
of the correct topology. The second step involves selecting the reactions lo-
cated next to the chosen reaction (left or right) and continue the procedure
with all other reactions.

Let us start with the [Mic] reaction with Qz + Kls on the left and Leu on
the right. The next step is to select the reaction that is going to be located to
the right; it is clear by looking at the compatibility diagram that the next re-
action should involve Qz and Leu, this is the [K/s] reaction. The remaining
two reactions can be added with a similar argumentation.

After having a logical sequence of reactions in the schematic diagram,
the final step is to apply the metastable extension rule. Note that Leu is pro-
duced to the right of [Mic] and to the left of [K/s] and [Qz]; the metastable
extension of [Leu] must lie then between [Mic] and [KIs]. The final dia-
gram, shown in Figure 3.8, emerges after applying the metastable extension
rule to the other reactions.

[Ky Cor]
Mic] [Kis] [Qz] [Leu]
@ @ @ @
Mic Mic
Leu Leu
Kls Kls Kls

, Kls

Mic] Q2] [Kis]

Figure 3.8: Topology of reactions around [Ky Cor] invariant point in the KAS system.

¢ Invariant point 2 [Qz]
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Four reactions emerge from this invariant: three in the complete system
and a degenerate reaction that comes from the invariant point [Ky, Cor].
This is the degenerate reaction [Ky, Cor, Qz], and does not change its sta-
bility when crossing the invariant point [Qz]. The reactions are as follows:

Kls + Ky = Cor + leu [Mic]
0.5 Kls + Ky = Cor + 0.5 mic [Leul]
Ky + Leu = Mic + Cor [Kls]
0.5 Kls + 0.5 Mic = Leu [Ky, Cor]

In the construction of the diagram (Figure 3.9), if we start with the [Leu]
reaction (a complete system reaction), the other two reactions of the com-
plete system need Leu. Therefore, it is necessary to locate a reaction that
produces Leu on both sides of the [Leu] reaction. The candidate is the de-
generate reaction [Ky, Cor]; remember that the stability of this reaction
does not change as it crosses the invariant.

Alternatively, if we start with the [K/s] reaction, the [Mic] reaction can
be located next to [Kls], since there is a stability line between Leu and Cor
(products in the reaction as written). The [Leu] reaction cannot be next to
[Kls], since using the compatibility diagrams on each side of [K/s], there is
no way of forming the quadrilateral Kls — Mic — Ky — Cor. This confirms
that the [Ky, Cor] reaction must be on the other side of [Kls].

[Kis] [Ky Cor] [Leu] [Ky Cor] Mic]
Mic Mic Mic
Leu Leu
Ky Kls Ky, Kls Ky, Kls Ky
Cor Cor Cor Cor Cor
Mic] [Kls]

Figure 3.9: Topology of reactions around [Qz] invariant point in the KAS system.

e Invariant point 8 [K/s]

Three reactions emanate from [K/s], only one in the complete system
and two degenerate reactions, one that comes from the invariant point [Ky, Cor],
and, as previously established, these reactions do not change in stability
when crossing the invariant point.
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Ky + Leu = Mic + Cor [Qz]
Cor + Qz = Ky [Leu, Mic]
Leu + Qz = Mic [Ky, Corl]

We start constructing the diagram with the [Qz] reaction (complete sys-
tem) and continue with the two degenerate reactions on each side of [Qz].
Note that in these cases, Qz will appear by consumption of Mic (reaction
[Ky, Cor]) or Ky (reaction [Leu, Mic]). The complete diagram is shown
in Figure 3.10.

[Kls]
Q [KyCor] Q [LeuMic] [Qz] [Ky Cor] Qz [LeuMic]  Qz
Mic Mic Mic
Leu Leu Leu Leu Leu
Ky, Ky Ky
Cor Cor Cor Cor Cor Cor [d;]

Figure 3.10: Topology of reactions around [Kls] invariant point in the KAS system.

* Invariant points 4 [Leu] and 5 [Mic]

Three reactions emanate from each of the invariants, only one in the
complete system and two degenerate reactions. The analysis is similar to
that of the invariant point [Kls]. The reactions for these invariant points
are listed below:

[Leu]

0.5 Kls + Ky = Cor + 0.5 mic [Qz]
Cor + Qz = Ky [Mic Kls]
0.5 Kls + Qz = 0.5 Mic [Ky, Cor]

[Mic]

Kls + Ky = Cor + leu [Qz]
Kls + Qz = Leu [Ky, Cor]
Cor + Qz = Ky [Leu, Kls]

3.2.73.3 KAS Petrogenetic Grid. Figure 8.11 shows the pressure vs. tem-
perature diagram illustrating the topology analyzed in the previous sections.
The locations of these reactions were calculated with the thermodynamic
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database ds62 (Holland & Powell, 2011) and Python functions to calculate
Gibbs free energy and a root-finding algorithm (see Chapter 4). The in-
variants are labeled with the absent phase, while reactions are labeled with
reactants and products. Invariants 4 and 5 are metastable; of these, only
invariant 4 appears in the region of the graph. The two metastable invari-
ants involve intersections of metastable extensions of reactions. Note also
the crossing of some reaction curves that are no invariants, this is the effect
of projecting reactions in the P — T plane.

@

s

-

1 [Cor Ky] %h
o

Pressure

Temperature

Figure 3.11: Part of a simple KAS petrogenetic grid with triangular compatibility diagrams
in the divariant fields. The topology of this grid was derived first with a Schreinemakers
analysis.

3.2.8. Summary of Chemographic Analysis in
Triangular Diagrams for Systems with Pure
Phases

These diagrams are useful for studying all possible univariant reactions in a
simplified system and allow one to qualitatively and quantitatively locate the
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univariant reactions in P — T space. Additionally, they aid in understand-

ing the evolution of systems where interactions between solid phases and

aqueous solutions occur. To sum up, the following steps outline a complete

chemographic analysis:

o

. Define the system by determining the mineral phases of interest and

choose the components of the system.

. Specify system pressure and temperature, assuming pure phases.

. Assume that H9O is in excess.

4. List the compositions of the mineral phases.

Noo

Locate the mineral compositions within the ternary space.
Connect stable phases with compatibility lines.

Triangular regions show stable mineral associations.

. Simplify chemography and solve problems. Start with points with

several phases present. Write reactions between pairs of mineral phases,
determine A, G, and remove unstable phases. Then, resolve pseudobi-
naries. Finally, resolve stability of crossing compatibility lines.
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dG = —=SdT +Vdp dG = —-SdT +Vdp dG = —S§
dT +Vdp dG = —SdT +Vdp dG = —SdT + Vd;
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4.1. Gibbs Free Energy (G)

Gibbs free energy is a thermodynamic potential that provides a measure
of the chemical energy of a system. The differential form of the Gibbs
free energy equation was derived in Chapter 2. For reference, this is the
equation:

dG = -SdT +VdP “4.1)

411. Gibbs Free Energy of Formation at the
Reference State

The Gibbs free energy data is tabulated as "free energy of formation" data
(AGY), which is the energy change associated with the formation of one mole
of a substance from its standard elements at the P — T' conditions of the
reference state. Some tables list instead other thermodynamic data from
which AG/(.) can be derived.

41.2. Gibbs Free Energy Change in a Reaction

When analyzing free energy changes in reactions (AG,), they are referred
to constant pressure and temperature. The value of this change at standard
state is calculated using AGJ(,) values of reactants and products:

0 _ 0 0
ArG - Z nAGf (products) — Z nAGf (reactants) (42)

For reactions involving only pure phases (not solid solutions), the free en-
ergy change between reactants and products at any P — T condition is ex-
pressed by using the equation (with the Gibbs free energy equation in its
integral form):

T T P
2Gh = a.HY =TSy, + / ACpdT =T / A’TCP dT + / AV dP
TO 10 P()
4.3)
Where

Cp=a+bT +cT~2+dT7° (4.4)

The subscripts and superscripts 0, Py, and Ty indicate standard state, the
reference pressure, and the reference temperature. Note, however, that this
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equation does not consider the Gibbs free energy contributions of a pure
phase undergoing internal ordering.

42.3. Reaction Curves

If reactants and products coexist under equilibrium conditions, the Gibbs
free energy change of the reaction must be zero, i.e., the pressure and tem-
perature of this equilibrium must lie on a curve (for example, in P—T space)
representing the reaction. This curve is called the reaction curve. Mathemat-
ically, the equilibrium condition is represented by:

2Gh =0 (4.5)

Assuming volume independent of pressure, we can solve for P in terms of
T using equation (4.3):

0 T 0 T aCp
_A,HTO + fTo £CpdT 4,8, + fTO L dT

= (4.6)
r N " NG <1
; T2a.b '
/ 8,CpdT =T+ —57 = S22 42,079 a,d 4.7)
Ty T
FaC 0.5 2.04,d '
Ar Dboae 2.04,
/ TPdT = aralog (T) + Tarh - — 55 = =57 (4.8)
TO T()

As a first approximation to the location of reaction curves in a pressure-
temperature diagram, we can ignore the integrals of C,, in other words,
we assume enthalpy and entropy are independent of temperature. Then,
equation (4.6) becomes:

0 0
A,HTO ATSTO

+ " 4.9)
AV AV

2,89 )
This equation has the form y = mx + b, where m = —~= is the slope of
q Yy Y p
T

the linearized reaction curve. The equation of the slope is known as the
Clapeyron equation.
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Worked example 4.1 £

Construct the kyanite-sillimanite-andalusite triple point graph using the Clapeyron
equation, second term in (4.9). Assume molar volume independent of pressure
and ignore the fourth and fifth terms of (4.3). Use also Ty, poins = 936.3 °C,
Priple point = 4-31 kbar. Extract data from dataset 62.

1. Extract data from the dataset (this assumes you have loaded the dataset with
the code from chapter 2) and calculate deltas:

als_ds = dataset[['Ky', 'Sill','And']].iloc[2:4]

AV1 = als_ds.And.V - als_ds.Sill.V
AV2 = als_ds.And.V - als_ds.Ky.V
AV3 = als_ds.Ky.V - als_ds.Sill.V
AS1 = als_ds.And.S - als_ds.Sill.S
AS2 = als_ds.And.S - als_ds.Ky.S
AS3 = als_ds.Ky.S - als_ds.Sill.S

2. Calculate slopes and intersections:

# triple point
Ti = 536.3 # + 273.15

Pi = 4.31
# Slopes
ml = AS1/AV1
m2 = AS2/AV2
m3 = AS3/AV3

# Intersections

bl = Pi - ml % Ti
b2 = Pi - m2 % Ti
b3 = Pi - m3 % Ti

3. Plot triple point graph (see Figure 3.3):

fig, ax = plt.subplots()

ax.plot(T, mi*T+b1, 'b--', T, m2*T+b2, 'r--"',
T, m3*T+b3, 'y--')

ax.legend(('And=Sil', 'And=Ky','Sil=Ky"))

fig.show;

The simplification made in worked example 4.1 is valid in a few cases,
but it is more of a rapid representation of reaction curves in P — T space.
In a more general case, it is necessary to use the complete equation (4.3).
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However, solving this equation for pressure and temperature is not possible
in a straight way, and it is useful to use another simplification (not as sim-
ple as the one above). The assumption is that the integral terms involving
C, are constants, i.e., they are calculated at a specific temperature and used
at all other temperature conditions. This approach is called linearization of
the curve at specific pressures and temperatures. Graphically, the linearized
equation represents a tangent line to the reaction curve at the selected tem-

perature.
Worked example 4.2 £
Construct a linearized version (at T = 573.15K) of the univariant reaction

curve using equations (4.6), (4.7), and (4.8) for the reaction 4b + Ne = 2 Jd
(NaAlSigOg + NaAlSiOy = 2 NaAlSigOg).

1. Extract thermodynamic data and calculate the value of fo ACpdT and

Tz)‘ ATﬁdT with Ty = 298K and T = 578.15 K. This is a linearization

of the curve at T = 573 K:

anj_ds = dataset[['Ab', 'Ne','Jd'J].iloc[1:8]
# Reaction Deltas

AH = 2xanj_ds.Jd.H - anj_ds.Ne.H - anj_ds.Ab.H
AS = 2xanj_ds.Jd.S - anj_ds.Ne.S - anj_ds.Ab.S
AV = 2xanj_ds.Jd.V - anj_ds.Ne.V - anj_ds.Ab.V
Aa = 2*anj_ds.Jd.a - anj_ds.Ne.a - anj_ds.Ab.a
Ab = 2xanj_ds.Jd.b - anj_ds.Ne.b - anj_ds.Ab.b
Ac = 2*anj_ds.Jd.c - anj_ds.Ne.c - anj_ds.Ab.c
Ad = 2*anj_ds.Jd.d - anj_ds.Ne.d - anj_ds.Ab.d

To = 298.15
T_1 = 573.15 # Temperature of linearization (K)
# Integrals
Int_Cp = Aa*T_1 + Ab/2*T_1x%*2 - Ac/T_l + 2*xAd*T_1lx*(0.5) \
- (Aa*To + Ab/2*To*x*2 - Ac/To + 2xAd*Tox*(0.5))
Int_CpT = (Aa*np.log(T_1) + Ab*T_1 - Ac/(2*T_1l*%2) \
- 2xAd/(T_1#%0.5) - (Aa*np.log(To) + Ab*To \
- Ac/(2xTox*2) - 2xAd/(To*x0.5)))

2. Use these values in the equation for P and graph the curve on a P vs T
diagram:

intercept = -(AH+Int_Cp) / AV # Intercept

slope = (AS+Int_CpT) / AV # Slope

T = np.arange(200., 620., 20.)

P = intercept + slope * T # linearized equation
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Worked example 4.2 (cont.) £

fig, ax = plt.subplots()

ax.plot(T, intercept + slope * (T+273.15), 'b--')
ax.axis([200, 600, 3, 111)

ax.set_xlabel("T ($*{\circ}$C)")
ax.set_ylabel("P (kbar)")

The (linearized) equation for the reaction is
10 + P=-5334+0.017 *T y
-
’/
-
—_ ’/’
5 81 e
Q0 PR
=3 -
a 67 fz’
’f
’/
’/
41  _.-
” 1 1 1
200 300 400 500 600

Figure 4.1: Pressure-temperature diagram with the univariant reaction curve for
Ab+ Ne =2 Jd linearized at T = 573.15 K (using ds62).

4.2. Equations of State (EOS)

An equation of state is an expression that relates the state variables /, P, and
T of a substance. The simplest example is the ideal gas equation of state:

PV =nRT (4.10)

Equations of state are necessary to evaluate the Gibbs free energy of a sub-
stance at high pressure by integration of the term /’dp at constant tempera-
ture, because /'is a function of pressure at the temperature of interest. The
simplest non-ideal EOS is the van der Waals equation for gases:

2
nRT N7 Ay @.11)

P =
V —n by V2

where n is the number of moles and a,4, and b,4, are constants.
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4.22. EOS for Gases

In the previous section, the van der Waals equation was introduced. How-
ever, this equation does not adequately reproduce the behavior of non-ideal
gases, especially at high pressures. The van der Waals equation is the basis
for a two-parameter EOS known as the Redlich-Kwong equation:

RT B arp
Vi = b Ve (Vi +brk)\/T

P = 4.12)
The use of this equation in the geological literature includes the treatment
of the terms a,; and b,;, as functions of P and T; these equations are known
as the modified Redlich-Kwong equation (MRK). Holland and Powell (2011)
database uses a version known as the compensated Redlich-Kwong equation
(CORK) for the gases CO, CHy, Hg, So, and H9S. In this version, the term
by is kept constant to facilitate the analytical integration of the equation,
which causes a divergence in the volume above a pressure threshold Py.
The CORK equation takes the form:

Vi = VyIRE 4 ) irial (4.13)

where the term 77”77l is an extra contribution to volume. The name of this
term comes from the Virial type EOS, which expresses the compressibility
Z as a function of P, suchthatZ=1as P — 0:

Z(P,T)=1+a,P +b,P?+c,P?+ ... (4.14)

In practice, the CORK equation uses the RK equation; solving for /-
_ E b arg (Vi — brk)

Vm - + rk — 4.15
p PV (Vyy + by )NT 4-15)
with the approximation V;, ~ RT /P:
v~ By, - aiRVT (4.16)
P (RT + b, P)(RT + 2b,,P)

two terms are added to improve Virial behavior:

RT aRNT
Vi~ —— 4 by — s GNP +d P (417
p o (RT+brkP)(RT+2brkP)+ck\/_+ ¢ (4.17)
Where:
T2 3P
Arp = Q) £ + ay T (418)

P, P,
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T,
by = bo— 4.19
rk OPc ( )
T: C1
Crp = C()W + WT (420)
Tc dl
drk :d()P—C2+P—C2T (4.21)

Table 4.1 lists the values for the coefficients (Holland & Powell, 1991)
(units: a, in kJ2kbarYKY2mol=2, b, in kJkbar='mol=1). Table 4.2 lists
the critical temperature and pressure for gases; data for CO, CHy, and Hg
from Holland and Powell (1991), and data for H9S from Reid et al. (1987).

Table 4.1: Coeflicients for the CORK equation

Ark brk

ay a bo

5.45963e-5 -8.63920e-6 9.18301e-4

Crk drk

o c1 do dy
-3.80558e-5 2.305624e-6 6.93054e-7 -8.38293e-8

Table 4.2: T, and P, for the CORK equation
T, (K) | P. (kbar)
CHy 190.6 0.0460
Hy 41.2 0.0211
CcO 132.9 0.0350
HyS 378.2 0.0882

The EOS used for H9O and COq in Holland and Powell (2011) is also a
Virial type EOS (Pitzer & Sterner, 1994):

cg + 24 p + 3cs p% + deg p®

P/RT =p +c1p? - p?
(co +cgp +cap? +c5p3 +ce,p4)2 (4.22)
+07p2e 8P 4 o pleC10P

The molar volume is (cm?®, 1 em® = 0.1 J/bar):
v, =— (4.23)
The parameters ¢ - ¢1¢ are temperature dependent:
ci=c 1T+ oT 2+ sT " +eig+c 5T +6,6T? (4.24)

This equation needs to be solved to find 7 using a root-search algorithm,
with the matrix of coeflicients C; ; for COg and H9O (Table 4.3 and Table
4.4).
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Table 4.3: Matrix of coefficients C; ; for COq

i,2

i3

1.8261340e+06

0

0

-1.3270279

1.2456776e-01

0

0
0
0
0
0
0
9.

0918287¢+07

4.2776716e+05

0

4.0282608e+02

2.2995650e+07

-7.8971817e+04

0

9.5029765¢+04

14

15

1,6

7.9224365¢+01

0

0

6.6560660¢-05

5.7152798¢-06

3.0222363e-10

5.9957845¢-03

7.1669631e-05

6.2416103e-09

-1.5210731e-01

5.3654244¢-04

-7.1115142¢-08

4.9045367¢+00

9.8220560e-03

5.5962121e-06

7.5522299¢-01

0

0

-2.2847856¢+01

1.1971627¢e+02

-6.8376456e+01

1.80388071e+01

oo

(=] en) el Hen)

Table 4.4: Matrix of coefficients C; ; for HyO

i1

i2

I3

2.4657688¢e+05

5.8638965¢-01

-6.27838840e+00

0

0 0 5.6654978¢+03
0 0 0

3.8878656¢e+12 -1.8494878¢+8 3.0916564¢+05
0 0 -6.5587898¢+04

-1.41824385¢+13

1.81656390e+8

-1.9769068¢+05

0

0

9.2093875¢+04

%

5

1,6

5.1859951e+01

0

0

-2.8646939¢-03

8.1875577¢-05

0

1.4791599¢-02

8.5779579¢-04

1.5432925¢-08

-4.2719875e-01

-1.6825155e-05

0

-1.6580167e+01

7.6560762¢-02

0

1.0917883e-01

0

7.5591105e+00

0

1.8810675¢+02

0

-2.3530318¢+01

0

1.2246777¢+02

0

Note that Pitzer and Sterner (1994) use:

¢ Only two or three terms are used; in ¢g only the fourth term is used.

e In ¢y and ¢7 — ¢1¢ there are only coeflicients for negative powers of 7.
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» For ¢y — ¢g the terms with positive powers for T' dominate at high 7.

4.2.2. EOS for Solid Phases

The most commonly used equations for solids at high pressures are the
Birch-Murnaghan type EOS (B-M), which are based on the relationship be-
tween volume and compression. In these equations, P is expressed as a
polynomial function of strain (f = —g). For example, the second-order
EOS B-M is obtained by truncation of the Helmholtz free energy after the

second power:
7/3 5/3
() -
0 Po

where kg is the isothermal compressibility modulus (or bulk modulus) at

P = 0. In the Holland and Powell (1998) database, the second order EOS

B-M is expressed as:
0\~
(V—) - 1] (4.26)

P
2

(4.25)

K
P=—
K’

V

where «’is the pressure derivative of the compressibility modulus. The
treatment of the data with this equation involves the use of a thermal expan-
sion expression independent of the selected EOS, and the expansion and
compression terms are related through a linear dependence of the com-
pressibility modulus.

The Tait equation of state is a semi-empirical B-M type EOS, originally
proposed for water that was later applied to compressible solids. However,
calculations with this equation produce negative volumes at high pressures.
Macdonald (1966) presented a modified 7ait equation of state applicable
to both solids and liquids, where calculations only lead to zero volumes at
infinite reduced pressures (p = P — P), this equation has the form:

-1/n
L (1 + @) (4.27)
|4 K0
where n is a pressure-independent parameter. The modified Tait EOS of
Huang and Chow (1974) is presented in Freund and Ingalls (1989) as:

L 1—a[1-(+6p)] (4.28)
Vo
where a, b, and ¢ are constant parameters derived from the isothermal com-
pressibility modulus and its pressure derivatives. The Holland and Powell



102 « Phase Equilibria in Systems with Pure Phases

(2011) updated version of their database uses a more general EOS, with the
implicit inclusion of a thermal expansion term based on the modified Tauit
equation of Huang and Chow (1974), called TEOS (Tait-modified EOS). In
this equation, the adjustment for high temperatures is performed by adding
a "thermal pressure” term (Py,):

V = Vo(l - aeg‘g(l - (1 +b€05 * (P - PL}L))_CEUX)) (4-29)
Aeos (Pbeos - Pthbeos + 1)1_Ceos
) S 4.30
/VdP Pl/o(l Aeps ( bgg‘yP(Ceos _ 1) ( )
where:
(1+«7)
- 4.31
o T T k) + ko % 6)) (4.31)
be(;s = ﬁ Ko (432)

ko (14«

7’ 4
1+ k) + Ko * &

Coos = — (4.33)

—) (4.34)

& = (6”2%1)2 (4.35)
Uy = 7’; (4.36)
"= ; (4.37)

10636 1.38)

0= (S,/n + 6.44)

With &, representing the Einstein function, which considers « - « de-
creasing to zero as the temperature decreases, and 6 is the Einstein temper-
ature (the number 7 in the definition of this temperature is the number of
atoms in the phase).

The coefhicient of thermal expansion is implicitly contained within the
EOS, and its value can be calculated with:

1 (v ¢
=),

1
= op—
Py Ofo ((1 - beosPth)(aeos + (1 - aeos)(l - beosPth)%.m)

(4.39)
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The compressibility module can be calculated with:

oP
K__V(57)r (4.40)
= Ko (1 + beos(P - Pth)) (aeos + (1 - aeos)(l + beox(P - Pt}z))_Cm)

4.2.3. EOS for Melts

Several of the EOS derived for solids are also used for melts. However, in
the TEOS equation, the expression for thermal expansion is not appropri-
ate for melts due to its foundation in vibrational models (Holland & Powell,
2011). Instead, a constant thermal expansion and a linear dependence with
temperature for the compressibility module are used for melts, as in Hol-
land and Powell (1998):

V=V[(1_aeos(l_(1+beos*P)_Cm)) (4.41)
(Pbegs + 1)~
VdpP =ViP = ViaoosP = Vo (442)
beos (Coos — 1)
(beosP + 1)~
VAP = ViP |1 = yos — deos 4.43
/ ' e ¢ beosP (Ceos - 1) ( )

Note the similarity of this equation with the function for solid phases. For
this equation, we have that /7 is (equation 4 of Lange, 1997):

V, =V, T-To) (4.44)
The equation for the compressibility modulus is:

K = k,(1 = 0.00015(T = T})) (4.45)

4.2.4. Gibbs Free Energy and EOS for Aqueous
Solutions

The EOS for aqueous solutions have been derived from empirical, macro-
scopic, microscopic, and electrostatic relationships, or combinations of those
relationships. The EOS of Helgeson-Kirkham-Flowers is the most accepted
equation, thanks to its extensive database foundation (Dolej, 2018). In this
model, the specific heat capacity and the molar volume incorporate empir-
ical contributions not related to solvation.
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The Holland and Powell (2011) database uses density models for aque-
ous solutions. These models are based on calorimetric and volumetric prop-
erties as a function of temperature and density of the solvent. They use a
logarithmic linear empirical relationship between the equilibrium constant
and the density of the solvent. An example of such an expression, reduced to
three parameters, is given by (Anderson ez al., 1991; Mesmer et al., 1988):

ai; b .
InK =a, + — + — In py 4.46
n G+ 7+ 7 Inp (4.46)
In Anderson (1995), the density model is taken directly into the Gibbs free
energy equation to give:

0
i T
G? =AH! =TS + % (a"(T —298.15) + Fl"% 4.47)
298.15 (%) P

Holland and Powell (1998) used a revised Anderson’s density model with
the following adjustments:

¢ Volume is included.

* Addition of a heat capacity term (linear with temperature: C, = C; +
b;T).

e Addition of a term that corrects density for temperature (at 7> 500
K, the term T7/T).

e Correction of density model contribution for molar volumes of aque-

ous species at reference conditions —C; 8°P /(298. 15(6&/8T)2):

C 2 2
G? =A/H — TS+ PV? +b; (298.15T _ 298157 T—)

2 2
+ ; (O/(T ~998.15) - B°P + Z1nﬁ) (449
298.15 (%) e
where:
C;, = Co, - 298.15h, (4.49)

and the molar volume is given by:

0 b,
Vi=V; —)0(1 _F) (4.50)
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In these expressions, Vio is the standard molar volume of the species 7, 8°
and o are the compressibility and the coefficient of thermal expansion for
Hy0 at reference conditions, and b; is a Maier-Kelley coeflicient for aqueous
species (heat capacity). The values for the constants are: 89 = 45.28¢ —
6bar~!, o = 25.98¢ - 5K~!, and (aa/ﬁT)g = 0.5714e — 6 K~2, these

values are taken from Anderson et al. (1991).

4.3. Gibbs Free Energy of Ordering (Pure
Phases)

The organization of atoms in a crystal structure can be visualized in terms
of unit cells (e.g., face-centered cubic, fec). In these structures, some atoms
have preferences for occupying particular sites (long-range order) and for
the type of other atoms that are in nearby sites in the structure (short-range
order). Thus, in complete long-range ordered structures the probability
of finding an atom in one of the available crystallographic sites is one, this
probability decreases as the ordering decreases. Structures with complete
long-range order must have also short-range order, but completely long-
range disordered structures can have any degree of short-range order. In
short, long-range order accounts for the distribution of atoms in crystallo-
graphic sites averaged over the complete crystal, whereas short-range order
is originated by the occupancy of individual sites over small scales (a few A).

The preferences that originated the "ordering” in a structure are related
to the interaction energies of pairs of atoms. Disordered states have higher
entropies and enthalpies than ordered states. However, according to the
Gibbs free energy differential equation (G = dH — T dS), at high temper-
atures the structures prefer the disordered state (the second term increases
more), and at low temperatures the ordered state. This last analysis can be
summarized in a competition between atomic interactions and configura-
tional entropy.

In minerals with fixed composition, atoms can also have preferences for
the available crystallographic sites, leading to ordering within the structure.
In sillimanite, for example, Al and Si can be ordered in the available tetra-
hedral sites (Holland & Powell, 1996). In general, two types of ordering
behavior are observed: (i) a convergent ordering, where there is a decrease
in symmetry in a discrete phase transformation (from high to low temper-
ature) and (ii) a non-convergent, ordering where the crystallographic sites
can never become related by symmetry and there is no phase transition.
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As a consequence of the order-disorder behavior, the Gibbs free energy
of a phase changes according to the ordering state, and a term in the Gibbs
integral equation takes this change into account:

T T P
GT:H%)_TS%)+/CPdT—T/%dT+/VdP+GM (4.51)

To To Py

The central idea of the models describing ordering is the introduction of
a term known as the ordering parameter (Q), which describes the ordering
state at different temperatures. G,,4 is expressed in terms of this param-
eter, and the equilibrium of the system is determined by minimizing the
Gibbs free energy equation with respect to the parameter Q. The parame-
ter gives the probability of occupation of the sites at the given temperature,
in mathematical terms, for two atoms (4 and B) distributed between two
crystallographic sites (s and s’), it is defined as:

Q=X - X = |1X5 - X3 (4.52)

This equation describes the atomic arrangement of atoms 4 and B across
sites s and s, where X represents the mole fraction of A4 atoms at s site.
From this equation, it can be seen that Q = 0 for the completely disor-
dered state and Q = 1 for a completely ordered state of a crystal with equal
proportions of A and B.

An important aspect of the order parameter Q is that its behavior around
the transition temperature serves as a basis for classifying phase transitions.
For example, Q changes continuously around the critical temperature for
systems undergoing second-order phase transition, whereas the change is
discontinuous for first-order phase transitions.

There are two macroscopic approaches to characterize the Gibbs free
energy of ordering. The first one is based on the theory of phase transi-
tions introduced by Landau in 1987, and the second is known as the point
approximation (Bragg-Williams model).

4.31. Landau

The formalism used to study ordering in this model is based on the Landau
free energy expansion (Carpenter et al., 1994). This approach provides
useful descriptions for displacive and order-disorder phase transformations
and nonconvergent ordering (no phase transition). In Landau theory, G,,4
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is calculated using a Taylor series expansion in the parameter Q (Holland &
Powell, 1996), incorporating only even powers for Q:

AH,q = ~HQ - %angﬂ N %bQ“ . écQ6 .. (4.53)

1
AS,q = §aQ2 (4.54)

where the H term allows for non-convergent ordering (there is no phase
transition). Combining these equations, we get the expression for G,,:

1 1
Gora = 5 (a(T = T) + a,P)Q? + gaT(,QG (4.55)

In this equation, T, = T" — 2P is the pressure-dependent critical tem-
perature, where T is the critical temperature at P = 0. From the previous
equation, we can derive maximum entropy S,,¢4 and maximum volume /4
of disorder:

1
Vird = Vinazlg=1 = §an2 (4.56)

Sord = Smale:l = _%QQQ (4.57)
Properties tabulated in the Holland and Powell (2011) database are for

the (low temperature) ordered phase at the standard state conditions; there-
fore, the final expression of the Gibbs free energy of ordering is:

C 1 N I 1 5
Gord :SmaerCO(QoZ - gQ:)) - Sma:t(chQz - ngCOQ()

(4.58)
— T (Snar(Q% = Q%) + P(V0r Q)
where:

T.=T°+ ?”‘”P (4.59)

T -T

o 0 4.

QO 7}() ( 60)

T,-T
0t = (4.61)
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4.3.2. Bragg-Williams

The idea of the Bragg-Williams approximation (Bragg & Williams, 1934;
Bragg & Williams, 1935; Williams, 1935) is based on the concept of long-
range correlation. This means that the energy of a particular atom in a struc-
ture is determined by the average degree of order prevalent in the whole
structure. In theory, it is assumed that local fluctuations do not affect this
prevalent order, and the order parameter is a function of average distri-
bution of atoms in the available crystallographic sites (Carpenter, 1992).
As with the Landau model, the enthalpy and entropy of ordering are ex-
pressed as functions of the (long-range) order parameter; entropy is treated
as being purely configurational (see below), and enthalpy is treated as arising
from nearest-neighbour-type atomic interactions. In applying this formal-
ism (Holland & Powell, 1996), the Gibbs free energy of ordering is given
by:

AGyrq = AH,pq — TASyy (4.62)

where AS,,4 can be derived from the general configurational entropy equa-

tion:
“R (XSlog X + XjlogX} + X logX + X§ log X} ) (4.63)

In the general case, where the atoms are mixed in 1:n ratios at n + 1 sites

(Holland & Powell, 1996):

X, = 1;"? (4.64)
Xy = In;? (4.65)
X3 = % (4.66)
xy =228 (4.67)

The entropy of ordering is given by:

Sord = = acR(X5log X5 + XplogXy + X5 log (X5)" + X} log (X )")
(4.68)

and the enthalpy of ordering is given by:

AH,,y=H +PV - Q% (PWv+Wh)+Q (=H + P (=V +Wv) + Wh)
(4.69)
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The critical temperature is given by:

_ 2+ W,P)

T,
R

(1+n) 4.70)

In a plot of AG,,4 vs Q the curve will have a minimum that corresponds
to the order parameter (and the site occupancy) equilibrium value.

Worked example 4.3 £
Plot AG,,4 vs Q for sillimanite at 5 kbar and 1000 °C.

We start by defining a function that calculates AG,,, sillimanite ordering is de-
scribed using the Bragg-Williams model:

def Gord(Q,P,T,n,H,V,Wh,Wv,fac):
R = 0.0083145 #8.31446261815324
T=T+ 273.15
Xa_s = (1.0+n*Q)/(n+1.0)
Xa_sp = (1.0-Q)/(n+1.0)
Xb_s = (n-n*Q)/(n+1.0)
Xb_sp = (n+Q)/(n+1.0)
Sord = -Rxfac*(Xa_s*np.log(Xa_s) + Xb_s*np.log(Xb_s) + \
nxXa_sp*np.log(Xa_sp) + n*Xb_sp*np.log(Xb_sp))
Hord = H + Q *# (Wh-H) - Q#%2 * Wh
Vord = V + Q * (Wv-V) - Q**2 * Wv
Gord = Hord - T * Sord + P * Vord
return Gord

Next, extract sillimanite data from the dataset, call the function with sillimanite
parameters and plot the result:

sil_BW = dataset.Sill.ordering

h =sil BW['h']; v = sil_BW['v']; wh = sil_BW['wh']

wv = sil_BW['wv']; fac = sil_BW['fac']; n = sil_BW['n"']
Q1 np.arange(0., 0.99999, 0.001)

fig, ax = plt.subplots()

ax.plot(Q1, Gord(Q1,5,1000+273.15,n,h,v,wh,wv,fac))
ax.set_ylabel('G ord', fontsize=14)

ax.set_xlabel('Q', fontsize=14)

ax.set_x1im(0,1)

The Q parameter for the minimum AG,,; is around 0.95. In the next section, we
will find a way to determine the exact value for this parameter at the minimum of
Figure 4.2.
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Worked example 4.3 (cont.) £

1.0 A
©
=
O 0.5 1
Q)

0.0 A

0.0 0.2 0.4 0.6 0.8 1.0
Figure 4.2: AG,, 4 vs. Q diagram for sillimanite at 5 kbar - 600 °C.

4.3.3. Finding Q in the Bragg-Williams Model

To determine Q, we can use the Newton-Raphson method to find the min-
imum of the function described by equation (4.62). The first derivative
from the function with respect to Q must be zero, and the second derivative
must have a positive value. The search for the parameter involves iterations
to adjust Q until the minimum value of AG,,4 is found:

f’(xn)
f"(xn)

To find the first and second derivatives of AG,,; with respect to Q, see
Worked example 4.4:

Qn+1 =Qn - (471)

dggd:—H+P (=V +Wv) =20 (PWv+Wh)+Wh
RTfac -0+1 Q+n
- n+1 (—nlog( n+1 )+nlog(n+1)
inloe (2241 4 n(=Q+1
708 n+1 1708 n+1
d*G,,, RT fac n? n 2n
dQ? =20 - Wh+ =P (Qn+l+Q+n+—Q+l)



Phase Equilibria in Systems with Pure Phases « 111

Worked example 4.4 £

Derive the expressions for the first and second derivative of G,,.; with respect to Q.

Using symbolic calculations in Python (module SymPy):

import sympy as sym

Xas, Xasp, Xsb, Xsbp = sym.symbols('Xas, Xasp, Xsh, Xshp")

n, Q, H, P, V, Wv, Wh, fac, R, T = sym.symbols('n, Q, H, P, V,
Wv, Wh, fac, R, T")

Xas = (1+n*Q)/(n+1)

Xasp = (1-Q)/(n+1)

Xbs = (n-n*Q)/(n+1)

Xbsp = (n+Q)/(n+1)

DHord = H + P*V - Qx*2 * (Px*WvtWh) + Q * (-H+P*(-V+Wv)+Wh)

DSord = -fac * R * (Xas*sym.log(Xas) + Xbs*sym.log(Xbs) + \

Xaspxsym. log(Xasp**n) + Xbsp*sym.log(Xbsp**n))

DGord = DHord - T * DSord

dDGord_dQ = sym.simplify(sym.diff(DGord, Q))

d2DGord_dQ2 = sym.simplify(sym.diff(dDGord_dQ, Q))

Worked example 4.5 £

Calculate the ordering parameter Q that minimizes AG,, for sillimanite at 5 kbar
and 1000 °C. Use the derivatives found in worked example 4.4 to write a function
to find the minimum of AG,,4 vs Q.

def findQ_NR(P,T,n,H,V,Wh,Wv,fac):
Q = 0.9999999; R = 0.0083145 #8.31446261815324
dGdQ = 1
iterations = 0
while abs(dGdQ) > 0.0000001 and iterations < 20:
dGdQ = -H + P x (-V+Wv) - 2xQx(PxWv+Wh) + Wh + \
facxR*T/(n+1)*(-n*log((-Q+1)/(n+1)) + \
nxlog((Q+n)/(n+1)) PYGo+ nxlog((Qxn+1)/(n+1)) - \
nxlog(nx(-Q+1)/(n+1)))
d2GdQ2 = -2%P*Wv + fac*RxT/(n+1) * \
(n**x2/(Q*n+1)+\n/(Q+n)+2*n/(-Q+1)) - \
2*xWh
Q = Q - dGdQ/d2GdQ2
iterations += 1
print("iterations =
return Q

, iterations)
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Worked example 4.5 (cont.) £
The function finds Q = 0.935 after 12 iterations:

h =sil BWN['h']; v = sil_BW['v']; wh = sil_BW['wh']
wv = sil_BW['wv']; fac = sil_BW['fac']; n = sil_BW['n"']
Q = findQ_NR(5,1000+273.15,n,h,v,wh,wv, fac)

Note the alternative for finding the minimum of the function using the SciPy module

from scipy import optimize
x0 = [0.9999]
optimize.minimize(Gord, x0, args=(5,1000,n,h,v,wh,wv,fac))

For sillimanite, the order parameter is defined as Q = X;ll - XZI? (Holland & Pow-
ell, 1996); the ordering occurs between two tetrahedral sites. At low temperatures,
there is complete ordering (Q = 1) where T'1 is completely occupied by 4! while
T2 is completely occupied by Si. Sillimanite undergoes convergent disordering
with temperature increase and there is a rapid decrease in Q at a critical temper-
ature (Holland & Powell, 1996). At the critical temperature (and above), there is

complete disorder and both sites are equally occupied by Al and Si (Q = 0).

P=5.0; R=0.0083145
Tc = 2x(1+n)*(wh + wvxP)/R  # 2309.22 K

In the example here (1000 °C), Al site proportions are:

Xal_t1 = (1.0+n*Q)/(n+1.0)  # 0.9674306690513517
Xal_t2 = (1.0-Q)/(n+1.0) # 0.032569330948648334

4.4. Gibbs Free Energy Calculator for Solid
Phases

At the beginning of the chapter, we worked with simplified equations for
the Gibbs free energy of pure phases in order to calculate the position of
univariant reaction curves. The equations used didn’t take into account the
pressure dependence of volume (£0S) and the ordering behavior of some
pure phases. With the last sections in this chapter introducing the neces-
sary concepts to include the equations of state and the ordering behavior of
phases, it is now time to work on the construction of a function that calcu-
lates the Gibbs free energy at different pressure and temperature conditions.

The following Python function is a Gibbs calculator for solid endmem-
bers. The relevant equations were explained in the previous sections.
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from math import exp, log
def EM_Gibbs(P, T, emData):
To = 298.15; Po = 0.001; T =T + 273.15; R = 0.0083144626
Ho = emData.H; So = emData.S; Vo = emData.V
a = emData.a; b = emData.b; c = emData.c; d = emData.d
theta = emData.theta
alpha = emData.alpha; kappa = emData.kappa
kappa_p = emData.kappa_p; kappa_pp = emData.kappa_pp
u_o = theta/To
u = theta/T
xi_o = (u_o**2)*exp(u_o)/((exp(u_o)-1)**x2)
Pth = alphaxkappa*theta/xi_o*((1/(exp(u)-1))-(1/(exp(u_o)-1)))
a_eos = (1+kappa_p)/(1+kappa_ptkappaxkappa_pp)
b_eos = kappa_p/kappa - kappa_pp/(1+kappa_p)
c_eos = (1+kappa_ptkappaxkappa_pp)/(kappa_p*#*2+\
kappa_p-kappaxkappa_pp)
Gvp = PxVox(T1-a_eos*(1+((1+b_eos*(P-Pth))**(1-c_eos))/\
(b_eos*P*(c_eos-1))))
Gvpo = Po*Vox(1-a_eos*(1+((1+b_eos*(Po-Pth))*x(1-c_eos))/\
(b_eos*Po*(c_eos-1))))

Gv = Gvp - Gvpo

Int_Cp = a*T + b/2xT*x2 - ¢/T + 2xd*xT*%x(0.5) \

- (a*To + b/2*To**2 - c/To + 2xd*To**(0.5))

Int_CpT = (axlog(T) + b*T - c/(2xT*%2) - 2xd/(T**0.5) \

- (a*log(To) + b*To - c/(2*Tox*2) - 2*d/(To**0.5)))

Gord = 0

if emData.flag ==

landa
Smax
Tc_o
Tc =
Qo =
Q4 =
Q=0

u

. #"Landau"

= emData.ordering
landaul 's_max']; Vmax = landaul'v_max']

landaul 'tc']

Tc_o + (Vmax / Smax) * P
((Tc_o-To)/Tc_o)**(1/4)

(

(Tc-T)/Tc_o)

if Q4 > 0:

Q = Q4xx(1/4)
Gord = Smax*Tc_ox(Qo**2 - 1/3%Qo**6) - \
1/3*%Tc_o*Qx*6) - \
Q**2) + P*xVmax*Qox*2

Smaxx (TcxQ**2
T*Smax* (Qo**2

elif emData.flag == 2: #
BW = emData.ordering

H_BW = BW['h"']; V_BW

Bwn

BWL'v']; Wh_BW = BW['wh']

Wv_BW = BW['wv']; n = BW['n']; fac =

BW['fac']
(continues on next page)
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(continued from previous page)

# Note that this uses the function defined above
Q = findQ_NR(P,T,n,H_BW,V_BW,Wh_BW,Wv_BW, fac)
W_BW = Wh_BW + P * Wv_BW

Tc = 2*W_BW / (Rx(1+n))
Xa_s = (1+n*Q)/(n+1); Xa_sp
Xb_s
Sord

(1-Q)/(n+1)
(n-nxQ)/(n+1); Xb_sp = (n+Q)/(n+1)
facx(-R)* (Xa_s * log(Xa_s) + Xb_s* log(Xb_s) \
+ nxXa_sp * log(Xa_sp) + nxXb_sp* log(Xb_sp))

Hord = H_BW + PxV_BW + Q * ((Wh_BW-H_BW) \

+ Px(Wv_BW-V_BW)) - Qxx2 * (Wh_BW+P*Wv_BW)

Gord = Hord - T * Sord
G = Ho - T*So + Int_Cp - T*Int_CpT + Gv + Gord
return G

Worked example 4.6 £

Calculate the change of Gibbs free energy between reactants and products using the
full equation at 5 kbar and 500 °C for:

Ky = And

This problem allows us to compare results obtained from the simplified equation
(from the last chapter) with those from the full equation. Here, we simply use our
calculator to get AGg:

AGr = EM_Gibbs(5, 500, dataset["And"]) - \
EM_Gibbs(5, 500, dataset["Ky"]) # 0.8424

Compare this value (0.842 kJ/mol) with the value obtained using the simplified
equation (0.882 kJ/mol).

4.5. Univariant Curves
The Gibbs free energy change of a reaction involving pure phases is given
by:

T T P
~
&,Gpyr = 8,HY, + / £ CpdT =T 2,8y T / et 4 / AV dP
Ty Ty Py

4.72)
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For simplicity, the entropy contribution from pure phase ordering is ig-
nored. Under equilibrium conditions, A,Gp 1 = 0, and the resulting equa-
tion can be solved for pressure or temperature. Rearranging the equation is
not an option since the equation is a complex function of P and T} instead
a numerical method must be used. A reasonable method is the application
of the Newton-Raphson algorithm. There, we need the derivative of the
function either with respect to T" or to P. Alternatively, we could use SciPy
functions to find the zero root of the equation.

Here, we will follow the first approach. In the function above, the defi-
nite integrals have a constant lower limit (7 and Pp); the derivative of the
integral is then the terms within the integral, evaluated at the upper bound
(the variable T or P), for example:

3 fr a,CpdT

_ (4.73)
3T (2:Cp)r
« For fixed temperatures, the Newton-Raphson algorithm needs 6G /9P:
on.Gp,r
L = T 4.74
oP ArV P,T ( )

Note that V'p 7 for solid phases is given in equation (4.29)

 For fixed pressures, the Newton-Raphson algorithm needs G /9T':

T
aArGP,T 0 A,«CP
DT (0, Cobr = 5, - / CLAT - (6, Cp)r (4.75)
To
oG p C
AGp T _ 0 _ ACp
oL S / LT (4.76)
To

The Python function to calculate the Gibbs free energy needs to be modified
to include calculations for G /0P and G /0T and return these two values.

Vt = Vo * (1-a_eos*(1-((1+b_eos*(P-Pth))*x(-c_eos))))
dG_dT = -So - Int_CpT
G = Ho - T#So + Int_Cp - TxInt_CpT + Gv + Gord
return (Vt, dG_dT, G)

Rename this function:

def EM_Gibbs_dif(P, T, emData):

return (Vt, dG_dT, G)
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And write a convenience function that will return only the Gibbs free
energy; this is done for compatibility with previous written code:

def EM_Gibbs(P, T, emData):

(_, _, G) = EM_Gibbs_dif(P, T, emData)
return G
Worked example 4.7 Z

Write a Python function to calculate the position of the GASP reaction (3 An =
Gr +2 Ky + Qz) in a pressure vs. temperature diagram. Plot the reaction curve
between 450°C and 750°C.

1. Write the Pyihon function. This function calls the EM_Gibbs_dif() func-
tion to get the Gibbs free energy and its derivatives for each phase in the
reaction. Then, it calculates a residual of A,Gp 7 and a ponderator to ad-
just the pressure. The loop stops when the calculated residual gets below the
tolerance value or when the maximum number of iterations is reached.

def gasp(T): # 3 an = gr + 2 ky + g
tol = le-4
maxIter = 10
P = np.zeros(len(T))
for i in range(len(T)):

Ti = T[i]

Pi = 10

iter = 0

res = 100

while abs(res) > tol and iter < maxIter:
iter += 1

# calculate Gibbs and derivatives
(Vt_an, dG_dT_an, G_an) = EM_Gibbs(Pi,Ti,
dataset["An"1)
(Vt_gr, dG_dT_gr, G_gr) = EM_Gibbs(Pi,Ti,
dataset["Gr"])
EM_Gibbs(Pi,Ti,
dataset["Ky"1)
(Vt_q, dG_dT_q, G_q) = EM_Gibbs(Pi,Ti,
dataset["Q"])
# calculate residual and ponderator
res = G_gr + 2 x G_ky + G_q - 3 * G_an
ponder = Vt_gr + 2 x Vt_ky + Vt_g - 3 * Vt_an
# adjust P
Pi -= res/ponder
P[il = Pi
return P

(Vt_ky, dG_dT_ky, G_ky)
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Worked example 4.7 (cont.) £

2. The following script plots the equilibrium pressures at specified tempera-
tures in the range 450 to 750 °C.

T = np.arange(450,755,5)

fig, ax = plt.subplots()

ax.plot(T, gasp(T))

ax.set_ylabel('Pressure (kbar)', fontsize=14)
ax.set_xlabel('Temperature ($*{\circ}$C)', fontsize=14)

Pressure (kbar)

450 500 550 600 650 700 750
Temperature (°C)

Figure 4.3: Reaction curve for the GASPreaction (8 An = Gr+2 Ky+Qxz) calculated
using a Newton-Raphson algorithm.

4.6. Gibbs Energy Minimization for Systems
with Pure Phases

The problem is stated as follows: given the Gibbs free energy of all possible
minerals and the chemical composition of a system (rock), determine the
abundances of minerals that minimize the Gibbs free energy of the system.
To solve the problem, we need the mass conservation equations for each
component (oxide or elemental proportions). An additional limitation is
that the abundances of phases cannot be negative.

Schematically, Figure 4.4 shows an example with three phases in a sys-
tem with two components. At composition x1, phases A and B are stable,
whereas at composition a9, B and C are stable. The phase proportions can
be derived using the lever rule, i.e., the line joining G for stable phases is
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split in two segments by the vertical line representing the compositions, and
the relative length of the segments indicates the abundances of the phases.

P, T constant

Ge

—_ ~
Gphase & - - -

Ci Xi X C:
Composition

Figure 4.4: Schematic diagram (at constant pressure and temperature) showing the stability

of three pure phases in a two-component system. Broken lines represent the Gibbs free

energy of a system with the two phases joined by the line. The broken line joining 4 and C

is always above the other two broken lines, i.e., it always has a higher Gibbs free energy; this
association is not stable at the specified pressure and temperature.

The mathematical treatment followed here is presented in Albarede (1996);
the function that must be minimized is:

P
G = angj =n'g (4.77)
=1
with:

* n: vector with the abundance of stable phases; 7; is the number of
moles of each mineral.

 g: vector with the Gibbs free energy of formation at Pand T of interest
(AG}} ) for each mineral (gj).

The conservation equations dictate that the dot product of the composi-
tional matrix for stable phases with the vector having the number of moles
of stable phases must be equal to the composition of the system:

ATn =q (478)
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where q is the vector with the composition of the rock (this vector has a
dimension s and it contains the g; mole fractions of each component), and
A is a matrix with the composition of the mineral phases (pure) that may be
present, the number of possible phases is p, where p > s. Under equilibrium
conditions, the system with s components cannot consist of more than s
mineral phases. This consideration allows splitting the vector n into two
parts: (i) the first is a vector with the base variables (phases considered in
the calculation of the Gibbs free energy of the system) with dimension s,
represented by ng, and (ii) the second is a vector with the so-called free
variables with dimension p —s, represented by ng. The matrix A is also split
into two parts: an upper § X s compositional matrix for base variables (Ag)
and a lower (p — s) X s compositional matrix for free variables (Af). For the
vector n to be a possible solution, the following must be true:

nTA = [ng, ng] Ap

AB] =nfAL +nfAp = q" (4.79)
From the equation above, we get:
ng = qTAl;l — n}:AFAﬁl (4.80)

Once this relationship is established, the algorithm must seek to change ng
and ny in such a way that G decreases. This is achieved by changing a base
variable for a free variable. To find which variables must be changed, we
need to find the differential of the last equation:

dng = -0(ny ApAg") (4.81)
and the differential of equation for G:

0G = onTg = [on}, on}] 5B

= anggg + 8n;£gp = ﬁn}; (gF - AFAglgB)
(4.82)

The term in parentheses, gp — AFAI;]gB, is the gradient of G with respect
to the free variables.

Changes are made so that the conservation equations are satisfied. Note
that each component of ny is zero and can only be incremented. dG is only
negative if the gradient gg —AFAEI gp has at least one negative component.
G is lowered by increasing the number of moles of the i component of ng
associated with the most negative value of gg —AFAﬁl gg. The i component
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then moves from free to base variable, and this will cause that one compo-
nent in the base variables will reach a mode of zero. The first component
that reaches a zero modal proportion is given by the minimum of:

TA—l
1% _nm8 (4.83)

AeAT] W

where v; is the ith row of AFA[_SI. Note that during the selection of the initial
assemblage we must ensure that all elements of ng be positive.

Worked example 4.8 (4

Find the equilibrium mineral association at 10 kbar and 700 °C for a KAS sys-
tem with the following composition: ng;0, = 0.8, ng,0 = 0.05, nq,0, = 0.15.
Consider the phases kyanite, corundum, quartz, kalsilite, leucite, and microcline
(Figure 4.5).

Si02

Mic

Leu

K Kls

AI203 K20

Figure 4.5: Triangular compatibility diagram for the KAS system. The considered
mineral phases are joined by compatibility lines. The system composition is repre-
sented by an open circle in the upper part of the triangle.
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Worked example 4.8 (cont.) £

1. Create matrices and vectors used in the minimization equations:

# compositional matrix
# Si02 Al203 K20
A=np.matrix([[1, 1, 0], # Ky
[o, 1, 0], # Cor
[1, 0, 0], # Qz
[1, 0.5, 0.5], # Kls
[2, 0.5, 0.5], # Leu
[3, 0.5, 0.5]11)# Mic
# Gibbs free energy
g = np.array([EM_Gibbs(10,700,dataset["Ky"1), \
EM_Gibbs(10,700,dataset["Cor"]1), \
EM_Gibbs(10,700,dataset["Q"1), \
EM_Gibbs(10,700,dataset["Kls"]1), \
EM_Gibbs(10,700,dataset["Lc"]), \
EM_Gibbs(10,700,dataset["Mic"1)1)
# rock compositional vector q
g=np.array([0.8,0.15,0.05])

2. Select an starting basis (Ky+Qz+Kls) and calculate the gradient of G relative
to free variables (gp — AFAﬁl gB):

# Starting basis Ky, Qz, Kls

b_phases = np.array([0, 2, 31)

f_phases = np.delete(np.arange(6), b_phases)

A_b = A[b_phases]

g_b = glb_phases]

A_f = A[f_phases]

g_f = gl[f_phases]

# calculate A_f *x (A_b)-1

a_fb = np.dot(A_f, np.linalg.inv(A_b))

# the constrained gradient of G relative to the free variables
G_grad = g_f.T - np.dot(a_fb, g_b) # 2.1 -8.3 -21.9

3. The most negative component (-21.9) is the component A[5] (Mic). This
means that microcline must move from free to base variable. The number
of moles of the minerals is divided by the row of AFAl;l corresponding to
the most negative value of the gradient (ng/u;) to determine which will be
the first to reach a value of zero when Mic enters the assemblage and its
proportion increases:
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Worked example 4.8 (cont.) £

i_min = np.argmin(G_grad) # index of most neg. comp.

u_i = b_fb[i_min]

n_b = np.dot(q.T, np.linalg.inv(A_b))

j_out = np.argmin(n_b/u_i) # index of comp. with mode -> 0

Component A[3] (Kls) will be the first to reach zero. Therefore, we exchange Kls
with Mic and repeat the steps above until all elements of the gradient in (2) are
positive. For the next step we can write:

temp = b_phases[j_out]
b_phases[j_out] = f_phases[i_min]
f_phases[i_min] = temp

The second iteration produces only positive values for the gradient of G. The Gibbs
free energy of the system is —1071.84 k] with mole proportions Ky = 0.17, Qz =
0.67, and Mic=0.17.

Note: watch out for the number of moles of the phases and for singular matrices.
For example, try the starting assemblage Ky + Qz + Leu.




Chapter

53

Phase Equilibria in
Systems with
Solid Solutions






Phase Equilibria in Systems with Solid Solutions e« 125

5.1. Partial Molar Properties, Chemical
Potential, and Darken’s Equation

The properties of dissolved substances, which are part of a solid solution,
are known as apparent or partial molar properties. IfY is an extensive ther-
modynamic property (variable) of a system, then the partial molar property
y; represents the rate of change of Y with respect to the number of moles of
component i, that is:

oY
Yi = ( P ) b.1)
nl P,T,7Lj({¢j)
Thus, the partial molar Gibbs free energy is:
oG
& = (6 ) = Hi b.2)
i ] T mjisjy

which represents the change in Gibbs free energy with respect to the num-
ber of moles of a component, while holding pressure, temperature, and
other components constant. This function is known as the chemical po-
tential of the component 7.

For a solid solution, the relationship between an extensive property and
the molar partial properties of the components at constant pressure and
temperature is given by:

Y= Z n;yi (5.8)

Applying this equation, we see that, in more general terms, the Gibbs
free energy of a system at constant P and T', is the sum of the free energies of
all the phases present, defined by the chemical potential of its components:

G = Z”i,ui (5.4)

However, what is usually known are the molar properties (Y,,) as a func-
tion of the mole fractions or concentrations of the components (X;). Darken
(1950) presented an equation relating the partial molar quantity of a com-
ponent (y;) and the corresponding molar property (Y,,) of a multicompo-
nent solution, derived from the generalized Gibbs-Duhem equation (see

below):

Y,
=Y, +(1-X; i
y +( )(axi)PT (5.5)
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This equation applies to a multicomponent solution since dY,,/0X; is a
partial derivative, meaning that all ratios of mole fractions, except those in-
volving X;, are held constant. In other words, solid solutions are reduced
to pseudobinaries by taking the partial derivative with respect to one com-
ponent and keeping the relative proportions of the other components con-
stant. The geometric interpretation of this equation is that the partial molar
properties of the two components at a given composition are given by the
intercepts of the tangent to the curve at both extremes of the pseudobinary.
In Figure 5.1, the intercepts of a tangent to the curve at point X4 = 0.8 are
takenat Xy =0and X4 = 1.

—4270

RTIn{A}

1© —4280 -

—4290 T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Xa

Figure 5.1: Gibbs free energy for a phase as a function of chemical potential of its compo-
nents.

5.2. The Chemical Potential and the Gibbs
Free Energy Equation in Multicomponent
Phases (Solid Solutions)

In closed systems, the derivative of the Gibbs free energy is a function of
pressure and temperature only. In open systems, the number of moles (n)
of the involved substances must also be considered, dG = f(T, P, n). If
the system is reversible, open, and simple, the differential form of the Gibbs
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free energy equation becomes:

oG
an,»

cK?:—SJT+lQH’+§E( ) dn; (5.6)
P, T

As seen earlier, the function dG/dn; is a partial molar property known
as the chemical potential. This function is represented by the tangent to the
curve at any point on a Gibbs free energy vs. composition graph (Figure
5.1). That is, the Gibbs free energy of a phase can be expressed as a function
of the chemical potential of its components through the Darken equation.

5.3. The Gibbs-Duhem Equation

The Gibbs-Duhem equation relates the intensive variables of a system in
equilibrium:

de—SdT—}jmm”:O (5.7)

For a two-component system at constant P and T": nj u1 + ngpg = 0. It can
be seen here that if u is increased, then g must decrease, and therefore
we have that in this two-component system, only one is independent. More
generally, in a n-component system, n — 1 are independent. The common
form of the Gibbs-Duhem equation is obtained by dividing with the total
number of components N, at P and T constant:

ZXiﬂi =0 5.8)

5.4. Raoult’'s Law and Henry's Law

These two laws describe the ideal behavior of solvents and solutes in dilute
mixtures. Raoult’s Law describes the behavior of a solvent phase in a di-
lute solution (Figure 5.2). This law establishes that the vapor pressure of a
component in a mixture depends on its molar fraction in the mixture (X;),
mathematically:

P =Xx.p) (5.9)

where P; is the vapor pressure of component 7 in the mixture, and Pl.0 is the
vapor pressure of component 7 in its pure state.
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Henry’s Law describes the behavior of a solute in an ideal solution (Figure
5.2):

P =ky X; (5.10)

where P; is the vapor pressure of the trace component j, and kg is the
Henry’s law constant.

1.0
Raoult's Law
/,/
/”
0.81 //’
L
L
/’,
0.6 e
L
= e
= L
L
0.4 4 /'
L
o Henry's Law
/,/’
0.21 P b -
. R
o L
// ——————————
L’ =
0.0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Xi

Figure 5.2: Activity of a component in a non-ideal binary mixture as a function of compo-
sition; the curve represents mixing occurring in only one site with multiplicity equals to 1.
Henry’s law of ideal mixing applies at low proportion of component a (acting as the solute),
and Raoult’s law of ideal mixing applies at high proportions of a (acting as the solvent phase).
The Henry’s law constant is the slope of the green line (here, it is 0.22).

‘Worked example 5.1 (4

Estimate graphically the regions of a binary solid solution where the ideal laws apply
for a component a. Use the equation for ideal activity {a};4,41 = X4. We have not
yet introduce the concepts of activity and non-ideality in solid solutions. For the
purpose of the exercise here, use Wh = =40 and T" = 600°C in the following
equation to determine the departure from ideal behavior of a solid solution:

activity = eV REDH((A-XO)»(=Xb)+'h)) , x

1. First, write a Python function to calculate the real activity. This function takes
as parameters: component (endmember) proportions, #}, and temperature.

2. Plot activity versus composition and zoom in at the extremes to estimate
graphically where the Henry’s and Raoult’s laws apply.
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Worked example 5.1 (cont.) (4
# (1):
import numpy as np
R = 0.0083144
def real_activity(x, Wh, T):
T=T+ 273.15
Xa = x
Xb =1 - x
activity_a = np.exp(-1/(R*T)*((1-Xa)*(-Xb)*Wh)) * Xa
return activity_a
# (2):
import matplotlib.pyplot as plt
steps = 100
X = np.arange(0.00000000001,1.0000000001,1/steps)
fig, (ax1, ax2) = plt.subplots(2,1)
ax1.plot(x, real_activity(x, -40, 600), 'r-")
ax1.plot([0,1], [0,1], 'b--")
ax1.plot([0,1], [0,0.005], 'g-.")
ax1.set_ylabel(r'$\{a\}$")
ax1.set_xlabel(r'$x_i$"')
ax1.set(ylim=(0.9,1), x1lim=(0.9,1))
ax2.plot(x, real_activity(x, -40, 600), 'r-")
ax2.plot([0,1], [0,1]1, 'b--")
ax2.plot([0,1], [0,0.006], 'g-.")
ax2.set_ylabel(r'$\{a\}$")
ax2.set_xlabel(r'$x_i$')
ax2.set(ylim=(0.9,1), x1lim=(0.9,1))
0.004 1.00
I
1
0.003 0981 4
. i 096 ,//
< 0.002 o e
! 0.94 1 //
e N G, 0.92 - ///
0.000 i . . 0.90 47—, , . .
0.00 0.05 0.10 0.15 0.20 0.90 092 094 096 098 1.00
Xa Xa

Figure 5.8: Zoom of an activity vs. composition plot for a non-ideal mixture to
estimate the regions where Raoult’s and Henry’s laws apply. The green curve uses
equation (5.10) with the parameter kg adjusted by trial and error. Graphically,
Henry’s law apply in the range X,0.08 and Raoult’s law apply in the range X, > 0.99.
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5.5. Fugacity and Activity

The differential form of the Gibbs free energy equation for a simple, closed,
and reversible system at constant temperature becomes:

dG =VdP (5.11)

According to the ideal gas law, for 1 mole of gas:

_RT

7 (5.12)

V

Since we have the Gibbs free energy of one mole (molar Gibbs free en-
ergy), we can express the chemical potential by combining the last two equa-

tions:
dp
du=RT (?) (5.13)
P P

/ du :/ RT (d—P) (5.14)

P P P
u—po=RT(nP —1nPp) (5.15)

P
u—po=RTIn (—) (5.16)

Py

This equation can be generalized for non-ideal gases using fugacities (f)
instead of partial pressures. The fugacity is the vapor pressure of a gas (i.e.,
the tendency of a substance to escape):

fi =PI (5.17)

where T is the fugacity coeflicient, which corrects the partial pressure for
non-ideal behavior (in an ideal gas, high T orlow P, T'; = 1), so for non-ideal
gases:

u=puo+RTIn (/%) (5.18)

The relationship between fugacity and standard state fugacity is defined
as the activity of a component i:

{i} = / (5.19)

Jo
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then
u=uo+RT In{i} (56.20)

The concept of activities in gaseous mixtures can be extended to aque-
ous solutions, where the activities are expressed in terms of concentrations
(commonly in molality, m;) and an activity coeflicient (y;):

{i} = vyim; (5.21)

and to solid solutions, where the activities are expressed in terms of ther-
modynamic mole fractions or ideal activities ({z };4,4;) and a rational activity
coeflicient (1;):

a= /li{i}icleul (522)

As seen from equation (5.20), the difference between the chemical po-
phase
i

component in its standard state (uq) is explained through the concept of

tential of a component in a phase (") and the chemical potential of the

activity (see also Figure 5.1).

5.6. Standard States

According to the generalized chemical potential equation (5.20), we can
write for a component 7 in a phase A4:

it = !y + RT In{i}! (5.23)

From this equation, and knowing that the chemical potential is the par-
tial molar Gibbs free energy, we can see that the chemical potential of a
component 7 in a phase A is a function of temperature, pressure, and com-
position. In equation (5.23), the first term is independent of the composi-
tion of phase A, while the second term depends on the composition. The
first term is known as the standard chemical potential; the standard state to
which it refers is a selected state of temperature, pressure, and composition
for the phase of interest.

The formal thermodynamic restriction of the standard state generally
includes the temperature of interest and a fixed composition, but there is
freedom in the selection of the fixed composition and the pressure. This is
an arbitrary step that divides the chemical potential into a composition-
dependent term (RT In{i}) and a composition-independent term (u; o).
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The real activity is calculated through an ideal activity factor and a activ-
ity coeflicient factor, thus:

Mi = M0 +RT In ({i}ideal/li) (524)

Where 1; — 1 when X; — 1 and A; — constant when X; — 0. Itis
important to have in mind two points: (i) regardless of the chosen standard
state, the activity of a component in its standard state is always unity (note
that this is no the same as saying that the activity of a component in its pure
state is unity, because this depends on the choice of standard state); and (ii)
the final result of a thermodynamic calculation must be independent of the
choice of standard state. Following the rules for establishing a standard state,
there are a variety of options, and the final selection is dictated by trying to
simplify the calculations. As we will see below, Henry’s and Raoult’s laws play
an important role in the selection of appropriate standard states to simplify
calculations.

A common approach is to select a standard state where the activity of
a component is equal to one and the natural logarithm of the activity is
equal to zero. The second term of equation (5.23) takes into account the
difference between the chemical potential of the component in a phase and
its standard chemical potential (see Figure 5.1).

A common choice for the standard state is that of a pure phase (real or
hypothetical) at the conditions of P and T of interest. In a binary mixture,
the behavior of the chemical potential for a component in this standard
state can be visualized as having three regions (Figures 5.2 and 5.4). In
the first region, where the component proportion is high, close to the pure
endmember (XiA — 1), there is a linear relationship between activity and
composition, such that {i}/ = XZ.A . This is the Raoult’s law region. At the
other end of the spectrum, where the component is highly diluted (X; — 0),
there is also a linear relation between activity and composition, but with
a proportionality constant (Henry’s law constant, k), this is the region of
Henry’s law where {i} — ki * X;. In both cases, the limiting lines in a y; vs
log X; plot have slopes equal to R - T'.

The third region, in the middle of Figure 5.4, is a non-ideal region,
where y; vs. log X; is a curve, described by an equation containing an ac-
tivity coeflicient, which is also a function of the composition but different
from 1 (Raoult’s law region) or kyy (Henry’s law region):

:ujl = /’12'4,0 +RT ln(lfl{l}fleul) (525)

Another choice for the standard state applies to situations where there is
no pure endmember and actually it does not make sense to have this pure
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member as is in the case of aqueous solutions (e.g., a pure electrolyte in
the solvent structure, like CaCly in H9O). Although this state is commonly
applied to electrolytic solutions because the dissociation of the electrolytes
does not allow to have the pure electrolyte in water, this standard state can
also be applied to solid mixtures. For example, many phases contain Fe*3,
but in most cases, a phase composed solely of Fe*3 does not exist, making it
impossible to determine the standard chemical potential of the pure com-
ponent. The derivation of this standard state is based on the fact that it is
possible to make measurements of the chemical potential when the solution
is diluted (in the region of Henry’s law). This is a hypothetical state obtained
by extrapolation along the "line of Henry’s Law" as X; — 1 (or m; — 1), in
Figure 5.4, this extrapolation gives us a value of GZ.O*. In this situation, GZ.0
cannot be determined; we just know that GZQ* is a function of RT log kz; and
since this value depends on composition, the value of Gl.o* depends on the
endmember in which the component 7 is diluted. This dependence is the
reason why this standard state is not useful for trace element geochemistry.

A third case arises when a pure component in a solid solution A cannot
be studied, but it can be studied in another solid solution B. Here, the stan-
dard state is defined as the pure endmember in a different structure, at the
pressure and temperature of interest. This is used, for example, for silicate
liquid endmembers.

-4265
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RTInky

—4270 4
—4275 4
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Figure 5.4: Chemical potential vs. natural log of composition to show the three regions of
the standard state with a pure phase (real or hypothetical) at the conditions of P and T' of
interest. Figure was drawn for a hypothetical two endmember solid solution with mixing
on one site with multiplicity equals to 1. uy = -4270, T = 500 K, W, p = -15.0 K;,
krr = 0.029.
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Two other possible states are the standard state of a condensed pure com-
ponent at 1 bar and the temperature of interest ({i} — X; at 1 bar), and the
standard state in which the fugacity of the pure gas phase is one and activity
equals to fugacity (usually assuming that at P = 1 bar, fugacity = 1). For the
condensed pure component at the 1 bar standard state, the activity at any
other pressure is given by:

P
RTln{z'}O(P,T):Gi,o(P,T)—Gi,O(lbar,T):/ ViodP  (5.26)
1

5.7. Ideal Solid Solutions

5.71. Molar Properties in Ideal Mixtures

When the species are ideally mixed, the molar enthalpy and the molar vol-
ume of the resulting solution are equal to the sum of the contributions of
the individual species. The thermodynamic properties of these solutions
are then given by

AH ;i = 0, AV i = 0 (527)

However, the molar entropy of the solution is greater than the sum of the
entropies of the species (the act of mixing changes the ordering state of the
system).

5.7.2. The Entropy of Mixing and Activities in Ideal
Mixtures

The microscopic interpretation of entropy is given by the Boltzmann rela-
tion, which states that each macroscopic state of a system is associated with
a certain number of microscopic states. The entropy of the macroscopic
state is proportional to the natural logarithm of the number of microscopic
states. In terms of Plank

Spdeal = gidedd = kInQ (5.28)

mix config.

where Q represents the number of possible microscopic crystalline states
that occur in a mineral, and & is Boltzmann’s constant (1.8381 x 10723 JK~1).
For an ideal binary solution 4 — B we have that:

N!
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where N is the total number of particles, and N4 and Np are the numbers
of particles of components A and B, respectively.

For example, if there is a macroscopic state with nine particles, one of dif-
ferent characteristics than the other eight, there are nine possible microscopic
states, as shown in Figure 5.5.

Q00 OO0 QN
550 633 833
000 Q00 QA0
580 550 533
500 608 332
OG0 O30 O30

Figure 5.5: Sketch showing the nine possible states for a bidimensional square assemble with
eight white particles and one gray particle (represented as circles).

5.7.21. Derivation of a General Expression for Activities in Solid
Solutions

N, and Np can be expressed in terms of mole fractions: Ny = NX; and
Ng = NXp (where X4 + Xg = 1). The configurational entropy of a com-
pletely disordered (ideal) crystal of a binary mixture is then:

N!

ideal _ .
S K X IV xp)!

config. = =k [InN!=In(NXy)! -In(NXp)!] (5.30)
Since N is very large, we can use Stirlings’theorem (InN! = N [n(N)—N)
in equation (5.30):

ij;%g. =-Nk(XyInXs+XgInXp) = -R (XyIn X, +XgInXp) (5.31)

Where R is the gas constant. Equation (5.31) is valid only if the multi-
plicity of the site where mixing occurs is 1 (that is, there is only one atom per
crystallographic site). Equation (5.31) can be generalized for mixtures of n
components that occur in a crystallographic site of multiplicity ¢ (number
of equivalent sites):

ideal  _ ] j
Soonfz'g. - _qR Z Xz] In Xz] (56.32)
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where Xl.j is the mole fraction of the ion i at the site j and ¢; is the mul-
tiplicity of the site where mixing occurs. In the unit formula of a phase,
this corresponds to the number of cations that can occupy the site. If there
is more than one crystallographic site, each of them can be considered in-
dependently, this is the ideal mixing on sites model (/MOS). The mixing
entropy is given by the equation (5.32) generalized for crystal structures
with several crystallographic sites:

ASideal = =R D4 ), X/ X] (5.88)
J

The molar Gibbs free energy of a mixture is the sum of the contributions
of the Gibbs free energy of each of the mixed species (mechanical mixing)
plus a delta caused by the chemical mixture. For ideal mixtures, there is
only an entropic contribution to this delta. This relationship is expressed
as:

~ _ 0
G =D Xit] = ASigeq * T (5.84)

E:ZXM?+RTZCUZX{1“XZ (5.85)
i j i

With equation (5.20), the molar Gibbs free energy of an ideal mixture
can be expressed as:

= A, A Ay A
G = ZXi Hi o +RTZX1' In{z}7,,, (5.86)

Note that XZA is the proportion of the components in phase 4. This term
should not be confused with the term le which refers to molar fractions of
ions in the crystallographic sites of the phase 4. {i};4.4; corresponds to the
ideal activity of component 7 in the mixture. Then, the Gibbs free energy
of an ideal mixture is given by the sum of the Gibbs free energy of the
mechanical mixture plus the energy produced by the effect of the mixing
entropy.

Gideal = Gmec + Gidealmix (537)

Equations (5.35) and (5.36) can be used to derive the relation (see the
worked example below):

=[] Jexhe (5.38)
j i
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However, to guarantee that the activity of a component in a pure phase
is equal to 1, it is necessary to include a correction factor or normalization
constant (C):

ar=C ] Jahn (5.39)
j i

Worked example 5.2 £

Examine the proportions of components as shown in Figure 5.6 for a solid solution
formed by the mixture of cations 4 and B at crystallographic site 1 and cations C
and D at crystallographic site 2.

According to equation (5.36), the proportion of endmembers in a mixture play an
important role in the calculation of the Gibbs free energy of the mixture. For many
mixtures, it is relatively easy to derive equations for proportions. For example, in a
binary mixtures of albite and anorthite (plagioclase) X, = Xy, and Xy = 1-X =
Xcq- These equations are easily found because all the sodium content in the mixture
comes from the albite endmember and with the requirement that the sum of the
proportions must be equal to 1. Note that in this case the two proportions vary
between 0 and 1, but in general, proportions do not necessarily have to be positive
values.

In the solid solution of Figure 5.6, four endmembers can be defined: 4D, BD,
CA, and CB. However, only three are independent endmembers. The selection is
arbitrary, in the example AD, BD, and CA were selected. Notice that in the diagram
on the left the proportions of all endmembers are positive, while in the diagram on
the right, the proportion of one endmember is negative (X4p < 0). In general,
endmember proportions are calculated by transforming a set of old components
(mole fractions at crystallographic sites) to a set of new components (proportions)
through the use of linear algebra as seen in Chapter 3.

Site 1 X Xg X Xg
Site 2 Xg X, Xg Xp
XCA Xap Xap XCA
XBD
[——————————————————
XAD

Figure 5.6: Sketch with proportions of endmembers (e.g., X 4) based on cation
distribution in two crystallographic sites (e.g., X¢ and X 4)
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Worked example 5.3 (4

Derive the activity expressions for the plagioclase 27 model.

The cation distribution in this model is as follows:
(Ca, NoyM (41, $i)s2sil0g

Ab - (Na)M (A1 Siy) 281105, An - (Ca)M (Alg)T25id 104

In order to find the activity expression, we start by applying the term ¢; X;/n(X;) of
equation (5.33):

Xnaln(Xng) + Xcaln(Xeg) + Xyln(X2) + Xgiln(XE)

In the 27 model, the mole fractions of the elements are related to the mole fractions
of the pure mineral members albite and anorthite by the equations:

XNa =Xgp> Xca =Xan, X5i =0.5X 5, X0 =0.5X 5 + X1

The expression in (5.40) becomes (leaving what is inside [n untouched):
Xapln(Xna) + Xanln(Xcq) +(0.5X g + X 1,)In(X2) + 0.5X yyln(XZ)
Grouping terms
X apln(XnaX a1 Xsi) + Xanln(Xca X))
Which is equivalent to
Xapln{dbYigear + Xantn{An}igeal
then:
{AnYidea = Xca X5y

{Ab}ideal = XnaX 41 Xsi

To ensure unit activity when the phase is a pure endmember we need to introduce
a normalization constant. In pure albite Xy, = 1, Xy = 0.5, and Xg; = 0.5:

{4} 4ot = 1%0.5 0.5 =0.25
In pure anorthite Xp, = 1 and X y; = 1:
{An}igea = 1512 =1
Equations for activities with normalization constants become:

{AnYidoat = XcaX 3y AdbYigoas = 4+ Xy X 1 Xsi




Phase Equilibria in Systems with Solid Solutions ¢ 139

Worked example 5.4 £

Construct a generic function to calculate solid solution ideal activities. The func-
tion should accept as parameters the phase model and composition and all needed
equations to calculate proportions and activities.

This worked example shows reusable code (a general procedure) to calculate ac-
tivities. Equations must be input in Python dictionaries and arrays with symbolic
variables; for example, in the plagioclase 27 model:

import sympy as sp
Abh, An, NaA, CaA, SiT, ALT = sp.symbols('Abh An NaA \
CaA SiT ALT")
a = sp.symbols('ca')
prop_eq = {AlT: 0.5*ca + 0.5, CaA: ca, NaA: 1.0 - ca,
SiT: 0.5 - 0.5*ca, Abh: 1.0 - ca, An: ca}
act_eq = [4 * NaA * ALT = SiT, CaA * AlT*%2]

Equations are expressed in terms of a compositional variable ca = XAa Activities
are calculated using the subs() function from SymPy. Calculated values of symbolic
variables are stored in an array of tuples and are passed as arguments to the subs()
function. The first for loop creates an array of tuples with compositional variables
names and values for those variables. This array is then used as an argument in
the subs() function to numerically calculate endmember and site proportions. The
values of site proportions are used for substitution in the ideal activity equations
(last for loop).

import numpy as np
def ideal_act(em, sites, vars, prop_eq, act_eq, comp):
Xem = np.zeros(len(em))
ideal_act = np.zeros(len(em))
subs_vars = []
for (var_name, var_value) in zip(vars, comp):
subs_vars.append((var_name, var_value))
subs_site_prop = []
for site in sites:
subs_site_prop.append((site,
prop_eq[site].subs(subs_vars)))
for i in range(len(em)):
Xem[i] = prop_eqlem[i]].subs(subs_vars)
ideal_act[i] = act_eql[i].subs(subs_site_prop)
print(Xem, ideal_act)
# test the function using the plagioclase example
comp = [0.3]; vars = [cal; em = [Abh,An]
sites = [CaA,NaA,AlT,SiT]
ideal_act(em, sites, vars, prop_eq, act_eq, comp)
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Worked example 5.5 (4

Derive the expressions for ideal activities and for endmember and site proportions
in a muscovite model with the site distribution of Table 5.1. Use as variables:
M2A4
_xM2d XFe
y=3a > XM2A | x M2
Fe Mg

Table 5.1: Cation distribution in a three-endmember muscovite

Endmember | Formula Mixing sites

M2A T1

Mg Fe | Al | Si Al
Mu KAl3Siz010(0H)g 0 0 |1 |1 1
Cel KMgAlSiy010(OH)g | 1 0 |0 [2 [0
Feel KFeAlSiy019(OH)g | 0 T |02 [0

The activity expressions according to the site distribution of the model are:
M2A T1yT1
{Mu}igeq =4+ X ™"« Xg; X3
M2A T1\2 M2A T1\2
{Cel};qeal = XMg * (XSi )2, {Fcel};goa = XFe * (XSi )

To find endmember (three) and site proportions (five) we are going to solve a system
of eigth equations using the solve() function from the SymPy module. With two
compositional variables, six more equations are needed. These equations are as
follows:

e The sum of endmember proportions should be equal to one.

 Five equations, one for each cation. These are derived by taking each col-
umn in the allocation table (the number in the allocation table must be di-
vided by the total number of cations in each site): XA]‘//IIgQA = Xcol X% 24 =

XFcels X%2A = XMu> Xg;l =1/2 Xy, + Xcol + Xreels X:gll = 1/2 % Xpyy-

import sympy as sp
Mu, Cel, Fcel, x, y = sp.symbols("Mu, Cel, Fcel, x, y")
ALM2A, FeM2A, MgM2A = sp.symbols("ALM2A, FeM2A, MgM2A")
SiT1, ALT1 = sp.symbols("SiT1, ALT1")
prop_eq = sp.solve([Mu + Cel + Fcel - 1,
AIM2A - Mu, FeM2A - Fcel, MgM2A - Cel,
SiT1 - 0.5 * Mu - Cel - Fcel, ALT1 - 0.5 * Mu,
y - ALM2A, x - FeM2A/(FeM2A+MgM2A)1],
[Mu, Cel, Fcel, ALM2A, FeM2A,
MgM2A, SiT1, ALT1])

This code segment will result in a dictionary with equations to calculate endmember
and site proportions in terms of the compositional variables:

{AIM2A: y, AlT1: 0.5%y, Cel: xxy-x-y+1.0, Fcel: x*x(1.0-y),
FeM2A: xx(1.0-y), MgM2A: x*y-x-y+1.0, Mu: y, SiT1: 1.0-0.5%y}
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5.8. A Python Class for Ideal Solid Solution
Models

So far, we have used Python code with procedural and functional program-
ming techniques. Python can also be used with classes, using its object-
oriented programming capabilities. All Python classes have an __init__ ()
function executed when an object is first created (this is called instantiation of
the class). The __init__ () function is used to assign values to object prop-
erties (variables) and to perform other operations needed when an object is
first created. Functions within the class are called object methods; all func-
tions within the class take the first argument as a reference to the current
instance of the class. This first argument is usually called self, but it does not
necessarily have to be.

5.81. The __init__() Function

The __init__ () function in the created class below (SSPhaseldeal class)
takes as arguments the data of the solid solution model (endmembers, crys-
tallographic site, and equations for calculate activities, endmember propor-
tions, and site proportions). The class has only two other functions besides
the __init__ () function. These two functions are used to calculate phase
properties using the provided P, T', and composition. The first is a callable
function (calc_properties) that takes as arguments the necessary data to cal-
culate the chemical potential of endmembers. This function then calls the
second function (_ _gibbs), where calculations are performed. Note that the
name of the second is prefixed by two underscores; it is a usual practice to
name functions that should be called only within the class this way (a private
function). The separation of the functions (calc_properties and __gibbs)
is made for convenience, as this class is going to be modified later.

import sympy
from math import exp, log
dataset = load_ds()

class SSPhaseldeal:

def __init__(self, endmembers, sites, vars,
prop_eq, ideal_act_eq):
self.len_em = len(endmembers)
self.endmembers = endmembers

(continues on next page)
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(continued from previous page)
self.sites = sites
self.vars = vars
self.prop_eq = prop_eq
self.ideal_act_eq = ideal_act_eq

def calc_properties(self, P, T, comp):
self.P = P
self.T =T
self.comp = comp
self.__gibbs()

def __gibbs(self):
R = 0.0083144626
# Values of variables to be substituted in equations
subs_vars = []
for (var_name, var_value) in zip(self.vars, self.comp):
subs_vars.append((var_name, var_value))
Xem = np.zeros(self.len_em) # proportions of endmembers
for i in range(self.len_em):
em = self.endmembers[il]
Xem[i] = self.prop_eqlem].subs(subs_vars)
# Values of site prop. to be substituted in activity eq.
subs_site_prop = []
for site in self.sites:
subs_site_prop.append((site,
self.prop_eqlsite].subs(subs_vars)))
G=0
Gideal = 0
act = np.zeros(self.len_em)
chemicalPotential = np.zeros(self.len_em)
for i in range(self.len_em):
em = self.endmembers[i]
act_eq = self.ideal_act_eql[il]
act[i] = act_eq.subs(subs_site_prop) # ideal activity
log_act = log(act[i]) if act[i] > 0 else log(le-64)
# G_em in dataset:
po = EM_Gibbs(self.P,self.T, dataset[em.name]l)
U = po + Rx(self.T+273.15)*log_act # Mu_em in phase
G += Xem[i] * u # G_phase
Gideal += Xem[i] * Rx(self.T+273.15)*log_act
chemicalPotentiallil] = u
self.result = (Xem, act, chemicalPotential, Gideal, G)
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To test the newly created class let’s use the data from the last worked
example:

Pl = SSPhaseldeal(em, sites, vars, prop_eq, act_eq)
Pl.calc_properties(10, 500, comp)
print(Pl.result) # ([0.7, 0.3], [0.637, 0.127],

# [-4060.21, -4365.80], -6.01, -4151.89)

5.9. Gibbs Free Energy of Non-Ideal Mixtures

This is the most general case. In non-ideal solutions, the Gibbs free energy
of the phase has non-ideal contributions:

Greal = Gideal + Gnonideal—mix = Gec + Gideal—mix + Gnonideal—mix (540)

The Gibbs free energy of a non-ideal solid solution is then result of the
Gibbs free energy of the ideal mixture (as seen in previous sections) plus the
free energy coming from non-ideal interactions. The complete equation is:

Grea = ) X{' wilg + RT ) X InfiYh, +RT ) X a5 41

The last term is known as the excess Gibbs free energy and is dependent
on the activity coeflicient /lf . In the asymmetric formalism of Holland and
Powell (2008), the activity coefhicient is calculated from macroscopic in-
teraction parameters (//;;) using the terms in Table 5.2 and the following
equation:

n—1 n

RTLnd; == qiqlV;

i=1 j>1

(5.42)

Table 5.2: Definition of terms in the symmetric and asymmetric formalisms

Symmetric solid solutions | Asymmetric solid solutions
gi=1-X;,i=! g=1-¢;,i=1
qgi=-Xi,i#l Gi=-¢i, i #1
¢ = Xia;
Y X./;j
I/I/z'j =W I/I/ij — lea,Tflxj

The parameter W significantly affect the shape of the Gibbs free energy
of mixing curve. For a more detailed analysis, see Saxena (1969).
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Worked example 5.6 (4

Calculate the non ideal activities of anorthite and albite in a plagioclase binary
2T model. Use the following information for non ideality: W, ;_,, = 3.1,
@gpp = 0.643, and @, = 1.0. Use results from previous worked examples (with
ca = 0.3) for ideal activities (0.637, 0.12675) and the equations for endmember
and site proportions derive above (prop_eq).

To calculate activity coeflicients, the following equations were derived using the
asymmetric formalism:

Xan * @an
ban =
Xan * @an + Xgp * @y
_ Xab * Qg
bab =
Xan * @an + Xy * agp
2%
RTLnA,, = _(10 - ¢an) * (_¢ab) *Wab—an * @y +Z,Zn
2% @
RTLnA, =—(1.0— ¢gp) * (=Pan) * Wap_an * ——ab_
Qup + Qan

The following is the Python code implementing these equations, using prop_eq
from the previous worked example and the asymmetric formalism-derived equa-
tions:

import math

X_ab = prop_eq[Ab].subs('ca', 0.3)
X_an = prop_eq[An].subs('ca', 0.3)
alpha_an = 1.0

alpha_ab = 0.643

phi_ab = X_ab*alpha_ab / (X_ab*alpha_ab+X_anxalpha_an)
phi_an = X_an*alpha_an / (X_ab*alpha_ab+X_anxalpha_an)
Waban = 3.1

RTLnlambda_an

(1.0 - phi_an) * (- phi_ab) * Waban * \

2 * alpha_an / (alpha_ab+alpha_an)

(1.0 - phi_ab) * (- phi_an) * Waban * \
2 * alpha_ab / (alpha_ab+alpha_an)

R = 0.0083144626

T = 500 + 273.15

lambda_ab = math.exp(RTLnlambda_ab/(R*T)) # 1.062237

lambda_an = math.exp(RTLnlambda_an/(R*T)) # 1.235365

Real_act_ab = 0.637 * lambda_ab # 0.677

Real_act_an = 0.12675 * lambda_an # 0.156

RTLnlambda_ab
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5.10. Darken’s Quadratic Formalism

Following Darken (1967), it is established that in a binary mixture, when
the activity coeflicient of a solvent (1) obeys the relation of a regular so-
lution, then the activity coeflicient of the solute (2) must obey the relation
RT In A9 = wi19(1—X9)?+1 where I is a constant of integration. This model
is applied to a non-ideal solid solution model when the thermodynamics of
an endmember in one of the terminal regions are unknown because the
endmember is either fictive (not observable) or undergoes a phase transi-
tion (Powell, 1987). A simple binary solid solution illustrates the concept;
as seen above, the thermodynamics of such a system can be visualized as
containing three regions: the terminal regions obeying Henry’s and Raoult’s
laws, and a transitional intermediate region that involves transitional ener-
getic interactions.

In the Darken’s quadratic formalism, in the terminal region 2, the end-
members are 1 with G1 and a fictive endmember 2 with G = Gg+15. Then:

RTInA; =we(l - X;)? (5.48)

RTInAg = Iy +wio(1l — X9)? (5.44)

where Iy is not a function of composition; however, in general, I can be de-
pendent on pressure and temperature (I; = a +b7T +cP). An example of the
application of the Darken’s quadratic formalism is the modeling of activity-
composition relations for a plagioclase solid solution (Holland & Powell,
1992), which consists of a non-continuous series with a C 1 intermediate to
albite-rich region and a I 1 anorthitic region. In the C1 region, there is a real
endmember (albite) and a fictive anorthite endmember with C1 structure
(Holland & Powell, 1992). The amphibole activity model is another ex-
ample in which fictive ‘make’ endmembers’ properties are constrained from
naturally coexisting amphiboles. Will and Powell (1992) applied the for-
malism to orthoamphibole, deriving the properties of an orthoedenite end-
member by a linear combination of properties of edenite, anthophyllite,
and cummingtonite endmembers.

5.11. The Non-ldeal Class for Solid Solutions

The SSPhase (non ideal) class is constructed by extending the functionality
of the SSPhase_ideal class written above. The new class needs to calculate
activity coeflicients and take into account Darken’s quadratic formalism so that
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fictive” endmember(s) can be considered within the class. The following
are the steps to modify the SSPhase_ideal class:

1. Modify the __init__ () function to include interaction parameters,
asymmetric data, and Darken’s quadratic formalism terms. For the in-
teraction parameters, data should be listed considering the order of
endmembers in the variable endmembers. For example, if endmem-
bers are listed in the order emy, emg, and emg, then, the interaction
parameters should be in the order W,,,1 _on2, Wom1 —em3, and Wo9_oms.
Note also that the input interaction parameters are expected to have
three terms: Wj; = wy, + wy * T + w, * P. The alphas (asymmet-
ric) parameter must be an array with the same number of elements
as the number of endmembers; if the solid solution is symmetrical,
the parameter would be an array of ones. The Darken’s quadratic for-
malism parameter (dqf) is an array of arrays with size zero (for real
endmembers) to three (for fictive endmember).

def __init__(self, endmembers, sites, vars, prop_eq, ideal_act,
w, alphas, dqf):
self.w =w
self.alphas = alphas
self.dqf = dqf

2. Modify the __Gibbs() function to include a calculation of the sum-
mation of endmember proportions times asymmetric parameters (@),
which represents the denominator of ¢ in equations from Table 5.2.

Xem = np.zeros(self.len_em) # proportions of endmembers
sum = 0 # sum of alphas times proportions for em
for i in range(self.len_em):

em = self.endmembers[i]

Xem[i] = self.prop_eq[em].subs(subs_vars)

sum += Xem[i] * self.alphas[i]

3. In the __Gibbs() function, within the loop that calculates chemical
potential of endmembers, include a for loop to calculate non-ideality.
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RTLnlambda = 0 # activity coefficient / Gexcess
idx = 0 # counter for Ws
for j in range(self.len_em-1):
kroneckerJ = 1 if j==i else 0
phiJ = self.alphas[j]*Xem[j]/sum
for k in range(j+1, self.len_em):
kroneckerK = 1 if k==i else 0
phiK = self.alphas[kJ]xXem[k]/sum
asf = 2xself.alphas[i]/(self.alphas[j]+ \
self.alphasl[k])
Wik = (self.w[idx][0] + \
self.wlidx]J[1]*(self.T+273.15) + \
self.wlidx][2]xself.P) * asf
idx += 1
RTLnlambda += -(kroneckerJ - phiJ) %= \
(kroneckerK - phiK) = Wjk

4. Add the non-ideality contributions to the chemical potential of the
endmember and calculate the real activity.

# Chemical potencial of em

u = po + Rx(self.T+273.15)*Llog_act + RTLnlambda

# Real activity

act[i] = act[i] * exp(RTLnlambda/(R*(self.T+273.15)))

Optionally, calculate the excess Gibbs free energy of the mixture and
add this data to the result.

Gexc = 0
for i in range(n):

em = self.endmembers[i]

Gexc += prop[i] * RTLnlambda

5. Add calculations to include Darken’s quadratic formalism.

for i in range(self.len_em):
em = self.endmembers[i]

em_dqgf = self.dgf[i] # Adjust properties using DQF

(continues on next page)
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(continued from previous page)
if em_dqgf:
po += em_dqf[0] + em_dqf[1] * (self.T+273.15) + \
em_dqf[2] * self.P

5.12. Non-ldeal Mixtures with Ordered
Endmembers

In many phases, size and charge differences of the cations involved in sub-
stitutions give rise to order-disorder effects. Holland and Powell (1996)
introduced the use of the symmetric formalism to deal with order-disorder
in solid solutions. For example, in a solid solution involving two endmem-
bers, where mixing occurs with ordering between two sites, the thermody-
namics of the phase is described in a fictive ternary system that includes an
ordered endmember and an order parameter Q (Holland & Powell, 1996).
The state of order (the value of Q) can be derived using the thermodynamic
data of the non-ordered endmembers and a minimization approach of the
Gibbs free energy of the mixture with respect to the Q parameter.

The following are the steps to modify the SSPhase class to accept con-
struction of models with ordered endmembers:

1. Import the optimize functions from Scipy

from scipy import optimize as opt

2. Add a parameter to the __1init__() function of the class indicating
the reactions for ordered endmembers:

def __init__(self, endmembers, sites, vars, prop_eq,
ideal_act_eq, w, alphas, dgf, rx_ordered = None):
self.rx_ordered = rx_ordered

3. Create a callback function within the class that takes the order param-
eters as input. The body of the function calculates A,G of reactions
that produce ordered endmembers. This function will be used in a
root-finding algorithm (minimization) such that A,G = 0.
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# Callback function to solve for order
def __findOrderState(self, orderParams):
residuals = np.zeros(self.order)
# set composition with order params
self.comp[-self.order:] = orderParams
self._gibbs() # calculate Gibbs
# use reactions to calculate residuals
for i in range (self.order):
rx_res = 0
rx = self.rx_ordered[i]
for em in rx:
idx = self.endmembers.index(em)
coeff = rx[em]
rx_res += coeff * self.result[2][idx]
residuals[i] = rx_res
return residuals

4. Modify the calc_properties() function so that, when the phase has
ordered endmembers, the function calls the root-finding algorithm

instead of the __ Gibbs() function:

def calc_properties(self, P, T, comp):
self.P = P
self.T =T
self.comp = comp

if self.rx_ordered: # Phase has an ordered em
self.order = len(self.rx_ordered)
orderVars = comp[-self.order:]
solve_order = opt.root(self.__findOrderState,
orderVars,
method="'1lm", args=())
else:
self.__gibbs()

Note that the variable solve_order is not used within the class. This
variable contains information about the result of the optimization (e.g., whether
optimization was successful or not and the solution array). If you want to
see this information, add a print(solve_order) statement to the code.

5. In this and other cases, solid solutions contain fictive endmembers
that are constructed from a combination of existing endmembers in
the dataset. The properties of these make endmembers are adjusted
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using an approach similar to the Darken’s quadratic formalism. To ac-
count for this scenario, we need to add yet another parameter to the
__1inii__() function of the class and modify the code inside the main
loop of the __Gibbs() function to calculate the properties of make
endmembers. Note that the new parameter is a dictionary of dictio-
naries.

def __init__(self, endmembers, sites, vars, prop_eq,
ideal_act_eq, w, alphas, dgf, makes = {3},
rx_ordered = None):
self.makes = makes

# Calculate Gibbs for make endmembers
if em in self.makes:
make = self.makes[em]
pno =0
for em_comp in make:
po += EM_Gibbs(self.P,self.T,
dataset[em_comp.name]) =*\
make[em_comp]
else:
# Gem in dataset
po = EM_Gibbs(self.P,self.T, dataset[em.name])

For example, in a biotite solution model, we can make an ordered end-
member with phlogopite and annite:

makes = {Obi: {Phl: 2/3, Ann: 1/3}}

5.12.1. Final Note About the Solid Solution Class Code

The constructed class is a proof of concept, meaning it is not optimized
code. In other words, the code has room for a lot of improvement (or even
reorganization). For example, in the following chapter, we are going to ap-
proach the problem of Gibbs energy minimization. Currently, the SSPhase
class recalculates the apparent Gibbs energy of e<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>